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Abstract. Vectorial Boolean functions with the maximum number of
bent components, which are called MNBC functions in this article, were
introduced recently and attracted a lot of attention from the research
community. So far, all the known nontrivial constructions of MNBC
functions belong to the completed Maiorana-McFarland class M#*. In
this paper, we show for the first time the existence of nontrivial MNBC
functions outside the M# class. We classify all MNBC functions in six
variables and indicate that several equivalence classes can not be de-
scribed, up to equivalence, by the Maiorana-McFarland construction.
Based on the analysis of the obtained examples, we propose several infi-
nite families of MNBC functions outside the M class.
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1 Introduction

Let F} be the vector space of dimension n over F; = {0,1}, which will be
frequently endowed with the structure of the finite field (Fan,+,-). An element
o € Fon is said to be a primitive element, if it is a generator of the multiplicative
group ... For m|n, the trace mapping Tr}, : Fan — Fam is given by Tr7 (z) =
ial 22" The mapping T7} : Fon — Fy is called the absolute trace.

A mapping F': Fy — F3* is called an (n, m)-function. For m = 1, a function
f: Fy — Fy is called a Boolean function in n variables. Any (n, m)-function F'
can be written as F(x) = (fi(x),..., fm(x)), where the Boolean functions f; on
[y are called coordinate functions of F'. The Walsh transform Wy: Fon — o of
a Boolean function f: Fan — Fy is defined by Wy(X) = 3 g, , (—1)F ()T O02)
for A € Fan. A Boolean function f: Fon — Fy, where n = 2k, is called bent if
|W§(A\)| = 272 for all A € Fan. For a Boolean bent function f: Fan — Fo, the
Boolean function f: Fan — Fy defined for any u € Fon by Wy (u) = 2% (—=1)7(%),
is also bent and is called the dual of f.

For (n, m)-functions, the bent property is introduced with the notion of com-
ponent functions Fy: Fon — Fy defined by Fy(x) = Tr*(AF(z)) for A € Fam. An



(n, m)-function is called (n, m)-bent (vectorial bent for m > 2), if for all A € F.
component functions Fy are Boolean bent. Vectorial (n,m)-bent functions ex-
ist only for m < n/2; this result is also known as the Nyberg’s Bound [10].
The Maiorana-McFarland construction of (n,m)-bent functions describes the
functions of the form G(z,y) = L(zn(y)) + g(y) for x,y € Fon/2, where 7 is a
permutation on Fyn/2, L is a surjective linear (n, m)-function, and g is an ar-
bitrary (n,m)-function. With the Nyberg’s bound, one can interpret the bent
property of a vectorial function as follows. An (n, m)-function F' with m < n/2
is vectorial bent, if it has the maximum number of bent components F), which is
equal to 2™ — 1. Due to the non-existence of (n, m)-bent functions for m > n/2,
the maximum number of bent components of (n, m)-functions with m > n/2 is
less than 2™ — 1.

In 2018, Pott et al. in [14] addressed for the first time the question about the
maximum number of bent components for (n,n)-functions. It was shown that
an (n,n)-function F can have at most 2" — 2"~™/2 bent components and that
this bound is sharp. This result was generalized in [19] for (n, m)-functions, for
which the maximum number of bent components equals to 2" — 2~"/2,

Definition 1. Let n = 2k and m > k. An (n,m)-function F is called an (n,m)-
MNBC function, if it has the mazimum number of bent components 2" — 2m~F,

On the set of (n,m)-functions we define the following equivalence relations
preserving the MNBC property [9,14]. Two (n, m)-functions F and F”’ are called
EA-equivalent, if there exist two affine permutations A;: F§* — Fy', Ay: F5 —

7 and an affine function Az: F§ — FJ* s.t. AjoFoAy+As = F'; functions F and
F’ are called CCZ-equivalent, if there exists an affine permutation £ on Fj x F5*
s.t. L(Gr) = G/, where Gp = {(x, F(x)): © € Fan} is the graph of F. Note that
CCZ-equivalence is a coarser equivalence relation than EA-equivalence.

Since the introduction of MNBC functions, several constructions of these
functions have been proposed. Among them, are several constructions in the
univariate representation [9,14,18], the trivial construction and the Maiorana-
McFarland construction. The trivial construction describes (n,m)-MNBC func-
tions of the form = € F§ — (b(x),0), where b is a vectorial (n,n/2)-bent function,
while the Maiorana-McFarland construction describes (n, m)-MNBC functions
of the form (z,y) € Fon/2 X Fonsz — (G(z,y),h(y)), where G is a Maiorana-
McFarland (n,n/2)-bent function and h is an arbitrary (n/2,m)-function. In
this article, we denote by M both classes of (n,m)-bent and (n,m)-MNBC
functions, and the set of (n, m)-functions EA-equivalent to the M class is called
the completed Maiorana-McFarland class and denoted by M#. By saying that
an (n, m)-function F (either bent or MNBC) is outside the M# class, we mean
that at least one bent component Fy is EA-inequivalent to a member of M#.

The construction of (n, m)-MNBC functions outside the M# class is a diffi-
cult theoretical problem. As presented in [1], all known nontrivial constructions
of (n,m)-MNBC functions belong to the M# class. On the other hand, employ-
ing a trivial construction, it is also hard to construct (n,m)-MNBC functions
outside the M7 class, since only few examples of (n,n,/2)-bent functions outside
M# are known [2,11,13]. In this article, we construct several infinite families of



nontrivial MNBC functions outside the M# class using the extension approach,
considered recently in [8,11] in the context of vectorial bent functions. The main
idea of our approach is to extend vectorial (n,n/2)-bent functions by non-bent
coordinates in such a way, that the remaining bent components fall into sec-
ondary constructions of Boolean bent functions outside the M# class, what
guarantees that the obtained (n,m)-functions are MNBC and outside M#.

The rest of the article is organized in the following way. In Section 2, we
classify all MNBC functions in six variables and show that some of them are
nontrivial and do not belong to the M7 class. In the sequel, we present several
constructions explaining the observed phenomenon. In Section 3, we propose a
partial spread construction of MNBC functions. In Section 4, we provide con-
structions of MNBC functions outside M# stemming from several secondary
constructions of Boolean bent functions. The paper is concluded in Section 5
and representatives of equivalence classes of MNBC functions on F$ are given in
Appendix A.

2 Classification of MNBC functions in six variables

Recently, Polujan and Pott [13] classified all vectorial bent functions in six vari-
ables. With the same approach, we classify all MNBC functions on F§ and check,
which of them belong to the M# class. First, we give the following definition.

Definition 2. Let n be even and let F' be an (n,m)-function. Let the linear
code Cp over Fy be defined as the row space of the (n +m + 1) x 2™-matriz
over Fy with columns (1,z, F(x))l g, . We call an (n,m)-MNBC function F
with n/2 +1 < m < n at-step extension if dim(Cr) = 1+ n+n/2 +t, where
1<t<n/2.

With this definition, an (n,m)-MNBC function is trivial, if it is a O-step
extension. More general, if an (n,m)-MNBC function F' is a t-step extension,
then F' is EA-equivalent to an (n,n/2 + t)-MNBC function F’. We also note
that if two MNBC functions F' and F’ are t-step and t’-step extensions with
t # t', then F and F’ are CCZ-inequivalent, since inequivalent linear codes
Cr and Cps define CCZ-inequivalent functions [6, Theorem 9]. In the following
proposition, we summarize our computational results about the classification of
MNBC functions in six variables.

Proposition 1. On FS, there exist 40 CCZ-equivalence classes of MNBC' func-
tions. Among them, there are:

1. 13 CCZ-equivalence classes of 0-step extensions; these are the (6,3)-bent
functions in [13, Table A2(c)].

2. 17 CCZ-equivalence classes of 1-step extensions.

8. 7 CCZ-equivalence classes of 2-step extensions.

4. 8 CCZ-equivalence classes of 3-step extensions.

If an MNBC function F on FS is a 2-step or a 3-step extension, then F € M*.



Now we briefly discuss the main steps of the used approach. Since any (n,m
MNBC function F has 2”~"/2 non-bent components, which form an (m —n/2
dimensional vector space [14,19], one can represent F' in the form F(x)
(bi(z),...,bysa(x),n1(2), .., Ny 2(x)), where all b; are bent, all n; are non-
bent and (n1,...,My,_n/2) is a vector space of non-bent functions of dimension
m — n/2. Applying a non-degenerate linear transformation to the output of F,
we get F'(x) = (bi(x), ..., by 2(7),byjog1(x),. .., by(x)), where by, o4 = bj+n;
is bent for 1 < i < m — n/2, since by definition of an MNBC function all non-
bent components of F' belong to (n1,...,Mmy,_y/2). In this way, we may assume
that all coordinate functions of an MNBC function F' are bent. Consequently,
any (n,m)-MNBC function F can be represented as F(x) = (F(z), f(z)), where
F(z) is an (n,m — 1)-MNBC function and f is a Boolean bent function on F%
(for m = n/2 4+ 1 we let F be (n,n/2)-bent). In this case, we say that F is
extendable to F'. With this representation of MNBC functions, we start with in-
equivalent vectorial (6, 3)-bent functions from [13] and extend them recursively
to (6,m)-MNBC functions by appending at each step a Boolean bent function
without affine terms exhaustively. We check CCZ-equivalence of MNBC func-
tions F' and F’ via equivalence of linear codes Cr and Cp/ (see [6, Theorem 9])
with the algebra system Magma. With the implementation [12, Algorithm 1] of
the second-order derivative criterion [5, Remark 6.3.17] applied coordinate-wise
to all EA-equivalence classes of a CCZ-equivalence class, we check whether a
CCZ-equivalence class belongs to M#. Finally, the extension relation between
the obtained CCZ-equivalence classes is given in Fig. 1 and look-up tables of
representatives are given in the Appendix, see Table 1.

~—

Fig. 1. The structure of CCZ-equivalence classes of (6, m)-MNBC functions. If
an equivalence class i is extendable to an equivalence class j, we put a directed
edge between them. The equivalence classes denoted by gray are inside M# and
by red are outside M#.

With these computational results, one can see that even in a small number
of variables, nontrivial MNBC functions outside M# exist. In the sequel, we
provide several theoretical constructions of 1-step extension MNBC functions
outside the M# class.

3 Partial spread construction of MNBC functions

In order to introduce a partial spread construction of MNBC functions, we first
give a definition of a partial spread.



Definition 3. A partial spread of order s in F§ with n = 2k is a set of s vector
subspaces Un, ..., Us of F3 of dimension k each, such that U; N U; = {0} for all
i # j. The partial spread of order s = 2F +1 in FY with n = 2k is called a spread.

In the following, we denote by 1y : F§ — Fo the indicator function of
UCF%, ie., ly(z) =1if z € U, and 0 otherwise. Using the notion of a partial
spread, Dillon [5] introduced a partial spread construction of bent functions,
which includes the following two classes:

— The PS™T class is the set of Boolean bent functions of the form f(z) =

k—1
25:1 + 1y, (x), where the vector spaces Ut, ..., Usk-1,1 of F§ form a partial
spread in F3.

— The PS™ class is the set of Boolean bent functions of the form f(z) =
k—1
25:1 Ly=(x), where the vector spaces Ui,...,Usx-1 of Fy form a partial

spread in Fy and U} :=U; \ {0}.

The Desarguesian partial spread class PS,, C PSS~ is the set of Boolean
bent functions f on For X For of the form f: (z,y) € For X For — h (x/y), where
x/y=01if y =0 for z,y € For and h: Fy — Fy is a balanced Boolean function
with h(0) = 0. Similarly to the Boolean case, the Desarguesian partial spread
class PS,yp of (n, k)-bent functions with k = n/2 is defined as the set of (n, k)-
functions F' on For X For of the form F': (z,y) € For X For — H (x/y), where
x/y=0if y =0 for z,y € For and H is a permutation on For s.t. H(0) = 0.

In the following theorem, we give the partial spread construction of MNBC
functions on, whose bent components belong to both PS,, and PST classes.

Theorem 1. Let n = 2k and let G be a vectorial (n, k)-bent function from the
PSap class. Let also U be a spread line of the form U = {(0,y): y € For}. Then
the function F: For X For — ]F’;Jrl defined as

F(‘T?y) = (G($7y)a]]-U(xay)) (1)
is an (n,k + 1)-MNBC function.

Proof. Since 1y : F§ — Fo is the indicator of the vector space U of dimension
k, we have wt(1y) = 2¥ and hence 1y is not bent. In this way, it is enough to
show that for any PS,, Boolean bent function g on For x Fyr, which is a bent
component of the function G, the function g + 1y on For X For is bent. For
a,b € For, we compute the Walsh transform Wy 1, (a,b) of g+ 1y at a,b € Fax,
by considering the following two cases.

Case 1. Let a,b € Fyr with b # 0. The Walsh transform of g 4+ 1 is given by

W1, (a,b) = Z (—1)9(@¥)+1v (@) +Try (az+by)

I,yE]sz

Z (—=1)90)+1u Op)+T (by)

y€F,k

Y S g g - 52,

mEF;k yEF,k



Since ZyE]F (71)g(0,y)+]lg(O,y)+T’rlf(by) = Z
*

0), and the ‘Function g is bent on For X Fox.

Case 2. Let a,b € Fyr with b = 0. The Walsh transform of g + 1y is given by

yEF, ) (*UTT’f(by) = 0 (because b #

Wyi1, (a,0) = Z (—1)9(@¥)+1v(@y)+Try (az)

z,y€EF,k
— Z (—1)9@»+100y) 4 Z Z (—1)9@W+10(@y+Tr] (az)
yEF,k z€F, yEF,k

=—2" 1 W,(a,0) — 2".

Since for PS,;, bent function g on For X Fyr the Walsh transform W, (a,0) = +2*
for any a € Fyx, we have that W1, (a,0) = —2F. This completes the proof. O

Remark 1. 1. In the same way, one can show that for the spread line U =
{(2,0): z € For} the (n,k + 1)-function F' of the form (1) is MNBC.

2. The bent component functions of MNBC functions of the form (1) belong to
the PS,, and PS™ classes. Addition of the indicator of the spread line Fyx x {0}
or the indicator of {0} x Faox to a PS,, bent function g on For X For gives a
bent function in PS™ class, because the PSqp bent function g is constant 0 on
the mentioned spread lines. Similarly, one can use other spreads (not necessarily
Desarguesian) for the construction of MNBC functions.

3. Weng, Feng and Qiu [16] proved that almost every PS,, bent function on Fj
is outside M#. Since 2"/2 — 1 component functions of MNBC functions of the
form (1) belong to PS,,, we have that almost every MNBC function of this form
is outside M#. Remarkably, with this construction one can extend a vectorial
bent function in PS,, NM# to an MNBC function outside M#, as the example
of equivalence classes 11 and 19 in Fig. 1 shows; this is the only such an example
in six variables, since the only equivalence classes of (6,3)-bent functions inside
PS,p are 11, 12 and 13 (see Fig. 1 and [13, Table IV.2.]).

4 MNBC functions stemming from C and D, classes

In this section, we present several infinite families of MNBC functions provably
outside the M# class based on the generic construction of MNBC functions
introduced in [3]. This construction is based on the property (Py), which was
introduced in [15] and has several applications in the construction of vectorial
Boolean bent functions [18] and MNBC functions [3].

Definition 4. Let n,7 € N with 7 < n/2 and let g: Fon — Fo. Then g is said
to satisfy property (Py) with the defining set U = {u1,...,u,} C Fon if for all
1 <i<j <1 the equation g(x + u; + u;) + gl +u;) + g(z + ;) + g(z) =0
holds for all x € Fon.

In [3], Bapi¢ and Pasalic generalized the results of [18] and provided the
following generic method for the construction of MNBC functions. Below we
give a slightly reformulated version of [3, Construction 2].



Construction 2 Let n =2k and let U = {uq,...,u,} be a set of 7 < k linearly
independent elements in F5.. Let G : Fon — For be any vectorial bent function
whose dual bent components Gy, \ € 3. satisfy the property (Py) with the
defining set U. Let s |k and let h: F} — Fos be any (7, s)-function. Then for any
v € Fon \ For, the function F : Fon — Fon defined as follows

F(z) = G(x) + yh(Tr}(wix), ..., Tri(u,x)), (2)
has the maximum number of bent components.

In [3], it was shown that several Maiorana-McFarland vectorial bent functions
G: Far X For — Fyi satisfy the conditions of Construction 2. Now we show that
for these vectorial bent functions G': For X For — Fyr one can specify a vectorial
function h, such that MNBC functions, obtained via Construction 2, are outside
the M7 class. The choice of the function h is strongly related with C and Dy
classes of Boolean bent functions, which contain functions provably outside M#.

Recall that the C class of bent functions introduced by Carlet [4] is the set
of Boolean functions f: For X For — Fy of the form

fla,y) = Tri(en(y)) + 1. (@), (3)

where L is any vector subspace of Fyr, 171 is the indicator function of the
orthogonal complement L+ = {x € For: Tr¥(zy) = 0,Yy € L}, and 7 is any
permutation on Fyx such that

(C) 7w l(a+ L) is a flat (affine subspace), for all a € Fyx.

The permutation 7~1 and the subspace L are then said to satisfy the (C) prop-
erty. For short, we also write (7=, L) has property (C). Recall that a Boolean
function f: Fan — Fo has a linear structure if there exists an element a € F3.
such that  — f(x+a)+ f(x) is a constant function. In [17], the following set of
sufficient conditions for Boolean bent functions in C \ M# class was proposed.

Theorem 3. [17, Theorem 1] Let n = 2k > 8 be an even integer and let
f(z,y) = Tr¥(zn(y)) + 1o (), where z,y € For, L is any vector subspace of
For and 7 is a permutation on For s.t. (=1, L) has property (C). If dim(L) > 2
and for all X € F}, the function x € For — Tri(Aw(x)) has no nonzero linear
structure, then f ¢ M*.

Using Construction 2 and Theorem 3, we obtain the following family of
MNBC functions outside the M# class.

Theorem 4. Let U = {uy,...,u,} be a set of T linearly independent elements
in 5, , where n = 2k > 8 and 7| k. Let 7 be a permutation on For and G(z,y) =

xm(y), where x,y € For, be an (n, k)-bent function whose dual bent components

Gx, N € 5., satisfy the property (Py) with the defining set U. Let h : F5 — [y

be defined by

T

h(Xy,..., X,) =[x+ ). (4)

i=1



If (W)=Y, (U)) satisfies the (C) property and the conditions of Theorem 3 for
all X € T, then the (n,n)-function F constructed from G and h as

F(1‘7 y) = G(xa y) + ’yh(Tr]f(ulx), cee aTrllc(uT'r))7 (5)
where v € Fon \ Fox, is a 1-step extension (n,n)-MNBC function outside M¥ .

Proof. From Construction 2, it follows that the function F' is an (n,n)-MNBC
function. The function h, defined in such a way, represents the indicator func-
tion of the subspace (U)* of For. If Trf(\y) = 1 for A € F},, then Fy(z,y) =
Tri(zAm(y)) + Ly (). Since ((Am) ™1, (U)) satisfies the (C) property and the
conditions of Theorem 3 for all A € Fj,, it follows that F\ € C\ M#. If
Tr¥(A\y) = 0 then F\ € M%, hence F is outside M#. Now we show that
F is a 1l-step extension. Since G(z,y) := zw(y) is an (n, k)-function, we can
write G(z,y) = (g1(z,y),...,9x(z,y)), where g;: For X For — Fy for all 1 <
i < k. Since 7 € Fan \ Far, we can construct the function F’ in the fol-
lowing form F'(z,y) = (91(z,y),- .., 9%(@,9), gr+1(2,y)), where gpi1(z,y) =
h(Tr¥(ui),...,Tr¥(urz)). Thus, F’ is an (n, k + 1)-MNBC function, since the
non-bent components of F’ are 0 and g 1. Finally, since Cr = Cp, we have that
dim(Cr) = dim(Cp/) = 14+n+k + 1, consequently the (n,n)-MNBC function F'
is a 1-step extension. a

Following the proof of [2, Proposition 3|, we give the following family of 1-step
extension (n,n)-MNBC functions outside M# by specifying the permutation 7
to be a power mapping.

Proposition 2. Let k > 4 and s be a positive divisor of k such that k/s is odd.
Let U = {1,q,...,a" "1} be a set of T linearly independent elements in Fi., «
is a primitive element in Fos and 7| k. Let G(x,y) = xn(y), where x,y € For,
7(y) = y? is a permutation on Fyr for a positive integer d such that wt(d) > 3
and d(2° +1) =1 (mod 28 —1). Then (7=1,(U)), satisfies the (C) property and
for any v ¢ Far, the function

F(z,y) = xyd + 'yh(Tr’f(x), Tr’f(cwc), e ,Tr’f(of_lx)),

where h is defined by (4), is a 1-step extension (n,n)-MNBC function outside
the M* class.

Proof. By [3, Proposition 3], the dual bent components Gy of G satisfy the prop-
erty (Py) with the defining set U given above for any A € I, . Thus, from Con-
struction 2, it follows that the function F' is an (n,n)-MNBC function. We will
show that F' is outside M#. Let A € F5, be arbitrary. If Tr}(\y) = 0, we have
that Fy(z,y) = Gi(z,y) € M#. Suppose that Tr¥(\y) = 1, then F\(x,y) =
Tr}(Azy®) + 1y~ (x). For any permutation 7 on Far, let ox(y) := Ar(y). Note
that oy '(y) = 7~ 1(A\"'y). Let 7(y) = y%, where d is defined above. Then,
oy (y) = A " 1a7(y), where 7 1(y) = y* 1. We will show that (o} ', (U))
satisfies the (C) property. Let a € For be arbitrary. Then

o3 @+ (U) = A7 a4 () = A a (U)



is a flat as 7= 1(a + (U)) is a flat by |7, Theorem 5.8]. Since wt(d) > 3, by [17,
Proposition 5] it follows that T7¥(A\r) has no nonzero linear structures. Thus
by Theorem 3 it follows that Fy is in C outside M#. Hence, F is outside M#.
Finally, from Theorem 4, we conclude that F' is a 1-step extension. a

In the following, we define dg: For — F5 to be the indicator of zero, i.e.,
dp = 1y0y. With this notation, Boolean functions f: For X For — Fa of the form

flw,y) = Tri(am(y)) + do(z) for z,y € Far, (6)

where 7 is a permutation on Fyx, whose restriction to any linear hyperplane of
Fox is not affine, are bent and outside the M# class [4]. The set of the Boolean
bent functions of the form (6) is called Dy class of Boolean bent functions. With
the use of bent functions from Dy class, one can derive the following family of
MNBC functions following the main steps of the proof of Theorem 4.

Theorem 5. Let n = 2k > 8 and let v € Fon \ For. Let m be a permutation
on For whose restriction to any linear hyperplane of For is not affine. Then the

(n,n)-function F defined by
F(z,y) = 2n(y) + vo(x) for z,y € Far, (7)

is a 1-step extension (n,n)-MNBC function outside the M class.

5 Conclusion and open problems

In this paper, we classified all MNBC functions in six variables and proposed
several constructions of MNBC functions outside the M# class. Finally, we
would like to mention some open problems.

1. In Sections 3 and 4, we proposed several constructions of 1-step extensions
MNBC functions outside the M# class. A further research direction is to
construct t-step extensions (n, k)-MNBC functions outside M# for t > 2.

2. In n = 6 variables, all (n/2 — 1)-step and n/2-step extensions MNBC func-
tions belong to the M# class. In view of this observation, it is interesting to
ask whether (n/2—1)-step and n/2-step extensions MNBC functions outside
M# can in general exist for n > 6.
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A MNBC functions in six variables

In Table 1, we list look-up tables of representatives of CCZ-equivalence classes of
MNBC functions in n = 6 variables. The representatives f; of CCZ-equivalence
classes 1 < i < 13 have the form f; = (F?,0), where F} is a vectorial (6,3)-bent
function in [13, Table A2(c)] and 0 is the null-vector. For convenience, we sort
the first 13 CCZ-equivalence classes in Table 1 as in Fig. 1. The look-up table
of the representative f; is given by the list [f;(0), fi(1), ..., fi(5),..., fi(2" = 1)],

where both input 0 < j < 2" — 1 and output 0 < fi(4) < 2™ — 1 are integers.

For an integer j = >, 2;2""", its binary representation is given by the vector
(1,...,2p,) € FL.

Table 1. Look-up tables of CCZ-inequivalent MNBC functions in six variables.
i ‘ Look-up table of a representative f; of the CCZ-equivalence class
0-step extensions

3 10,0,0,0,0,0,1,1,0,4,0,4,2,6,3,7,0,1,6,7,2,3,5,4,0 0,5,7,2,0,2,2,0,5,7,6,4,1,7,3,5,6,0,5,3,0,3,4,7,7,4,2,1,1,6,5,2,4,3,1,6]|
6 10,0,0,1,0,3,0,2,0,4,0,5 1,7,0,0,4,5,0,2,4,7,2. 3,5,7,0,0,1,2,2,5,7,7,4,2,6,0,5,6,1,4,2,1,1,7,6,6,4,0,3,5,0,3,7,3,4,5,3|
7 10,0,0,1,0,2,1,2,0,4,1,4,0,6,1,6,0,0,5,4,1,3,5,6,2,6,6,3,3,5,7,0,0,0,2,3,4,6,7,4,3,7,0,5,7,1,4,3,1,1,7,6,6,4,1,2,4,0,3,6,3,5,4,3]
13 10,0,0,1,0,7,4,3,0,5,7,2 6,1,0,4,0,4,1,2,3,1,0. 44,2,20001530 4,6,3,3,4,1,7,2,6,3 5,6,5,3,1,7,6,1,0]
2 10,0,0,0,0,0,0,0,0,4,1,5,2,6,3,7,0,1,7,6,3,2,4,5,0,5 1,4,7,2,0,2,3,1,5,7,6,4,0,6,2 4 ,7,1,5,3,1,2,5,6,7,4,3,0,1,6,4,3,5,2,0,7]
12 10,0,0,1,0,6,4,3,0,4,7,2 6,1,0, 5 0,4,0,2,2,1,1 3,3,0,1,1,0,5,2,1 4, 4,2,1,7,7,0,0]
4 10,0,0,0,0,0,0,0,0,4,1,5 ,1,7, ,2,3,1,5,7,6
1 10,0,0,0,0,0,0,0,0,4,1,5, 7,0,1,7,6,3,2,4,5,0,5 1 4 7 2, () 2,3,1,5,7,6,
5 10,0,0,1,0,2,0,3,0,4,0,5,0,6,0,7,0,0,5,4,1,3,4,7. 5,6,1,0,0,2,3,4,6,6,5 3 7 1, 4 7,1,5 2 0,0,6, 7 5,1, 5 1,3,6
9 3 4,4,3,0,1,0,2,4,5,1 S
8 ,5,2,0,1,0,2,4,5,1 s s ,(‘,o 1, 7 1,3 7|
11 445,2‘3,0,070,0,4,2,1,7,1,4,6,3,3,4,0,7,3,7 ,6 54,7 ,3,1,6,7,0,1]
10 5,2,3,0,0,0,0,4,2,1,7,1,4,6,3,2,5,1,6,3,7,2,6, 4,7,5,3,1,6,7,0,1]
1-step extensions
14 10,0,0,0,0,0,1,1,0,8,2,10,4,12,7,15,0,2,15,13,6,4,8,10,1,11,12,6,3,9,15,5,0,5,6,3,11,14,12,9,1,12,5,8,14,3,11,6,2,5,11,12,15,8,7,0,2,13,9,6,11,4,1,14|
15 10,0,0,2,0,4,1,7,0,9,1,10,1,12,0,15,0,0,11,9,2,6,8,14,4,13,14,5,7,10,13,2,0,0,4,6,9,13,12,10,6,15,3,8,14,3,11,4,0,0,13,15,15,11,3,5,11,2,7,12,5,8,9,6]
16 [000,2701587010105116123 .8, 13,7,6,9,3,14,5,13,7,15,8,13,13,10,12,11,6
17 [0,0,0,2,0,13,9,7,0,8,14,5,8,5,13,2,0, 1[],1,8()0,@22781510867[]3,31 12,4,7,11,3,14,4,14,4,14,8,12,14,11,15,9,4,
18 10,0,0,0,0,0,0,0,0,8,2,10,5,13,7,15,0,2,15,13,7,5,8,10,0,10,13,7,2,8,15,5,0,5,7,2,10,15,13,8,0,13,5,8,15,2,10,7,2,5,10,13,15,8,7,0,3,12,9,6,11,4,1, 14]
19 10,0,0,1,0,13,11,7,0,11,15,5,11,5,13,2,0,9,3,11,3,5,6,1,1,4,8,12,9,11,4,7,0,1,1,0,9,5,2,14,3,8,13,6,7,9,1,15,6,15,5,12,8,14,12,10,15,11,6,2,12,15,0,3|
20 10,0,0,0,0,0,0,0,0,8,2,10,5,13,7,15,0,2,15,13,7,5,8,10,0,1 ,2,8,15,5,0,5,7,2,10,15,13,8,0,13,5,8,15,2,10,7,0,7,8,15,13,10,5,2,1,14,11,4,9 12|
21 10,0,0,0,0,0,0,0,0,8,2,10,5,13,7,15,0,2,15,13,7,5,8,10,0,10,13,7,2,8,15,5,0,5,7,2,10,15,13,8,0,13,5,8,15,2,10,7,1,6,9,14,12, 1143,1,14 11,4,9,6,3,12]
22 10,0,0,2,0,4,0,6 11,0,13,0,15,0,0,11,9,2,6,9,15,4,13,15,4,6,11,13,2,0,0,4,6 ,9,7]
23 10,0,0,2,0,4,0,6,0,9,0,11,0,13,0,15,0,0,11,9,2,6,9,15,4,13,1 46111320,1,4791213106142810311,50,1,13141010201136124897]
24 [0007()110120015800020100105157871‘ 2,2,9,10,4,0,2,0,5,8,11,2,6,5,7,10,15,13,15,8,13 8,0,7,10,5,13,0,13,10,2,15,3,7,14]
25 10,0,0,7,0,0,10,13,0,0,15,8,0,0,5,2,0,10,0,15,5,15,7,8,7.1 ,2,8,10,5,0,2,0,5,8,10,2,7,5,7,10,15,13,15,8,13,8,5,9,1,7,10,4,12,0,13,11,3,15,2,6,14]
26 10,0,0,7,0,0,10,13,0,0,15,8,0,0,5,2,0,10,0,15,5,15,7,8,7,13,13,2,2,8,10,5,0,2,1,4,8,10,3,6,5,7,11,14,13,15,9,12,8,5,8,0,7,10,5,13,0,13,10,2,15,2,7,15]|
27 10,0,0,7,0,0,10,13,0,0,15,8,0,0,5,2,0,10,0,15,5,15,7,8,7. ,2,8,10,5,0,2,1,4,8,10,3,6,5,7,11,14,13,15,9,12,8,5,9,1,7,10,4,12,0,13,11,3,15,2,6,14|
28 10,0,0,0,0,13,10,7,0,10,15,5,11,4,12,3 2,10,2,5,7,0,1,4,9,12,9,11,4,6,0,0,0,0,8,5,2,15,2,8,1 9,1,14,7,15,5,13,8,15,13,10,14,11,6,3,12,14,1,3|
29 10,0,0,0,0,13,10,7,0,10,15,5,8,7,15,0,0,8,2,10,0,7,5,2,0,5,8,13,9,11,4,6 0,0,8,5,2,15,2,8,13,7,5,11 2.13,7,15,5,13,1 13,15,8,15,10,7,2,12, 14,1,3]
30 10,0,0,0,0,13,10,7,0,10,15,5,9,6,14,1,0,8,2,10,0,7,5,2,1,4,9,12,9,11,4,6,0,0,0,0,8,5,2,15,2, ,7,4,11,3,12,7,15,5,13,10,13,15,8,14,11,6,3,12,14,1,3]
2-step extensions
31 [0,0,0,0,0,0,0,0,0,16,4,20,11,27,15,31,0,4,31,27,15,11,16,20,0,20,27,15,4,16,31,11,0,11,15,4,20,31,27,16,0,27,11,16,31,4,20,15,2,13,18,29,25,22,9,6,3,28,23,8,19,12,7,24]
32 4
33
34
35
36 , 213, s 123,
37 ,0, 1500202700311600114020,1,301131141715272604162110042916206131115222927311825161118215209 502722631
3-step extensions
38((0,0,0,0,0,0,0,0,0,32,8,40,23,55,31,63,0,8,63,55,31,23,32,40,0,40,55,31,8,32,63,23,0,23,31,8,40,63,55,32,2,53,21,34,61,10,42,29,4,27,36,59,51,44,19,12,7,56,47,16,39,24,15,48|
,0,0, R ,9,33,62,22,0,23,31,8,40,63,55,32,2,53,21,34,61,10,42,29,4,27,36,59,51,44,19,12,7,56,47,16,39, R
[00080160240 9047055063072,47378263961 165363 18,24,45,55,10,0,4,16,28,39,51,55,43,24,59,8,35,63,12,47,20,0,7,55,56,63,40,8,23,47,15,24,48,16,32,39,31]
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