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Abstract. We propose a new method of constructing g-ary propelinear
perfect codes. The approach utilizes permutations of the fixed length ¢-
ary vectors that arise from the automorphisms of the regular subgroups
of the affine group. For any prime g it is shown that the new class contains
an infinite series of g-ary propelinear perfect codes of varying ranks.
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1 Introduction

Propelinear codes were introduced by Rifa, Basart and Huguet in [15] and pro-
vide a general view on linear, additive (including Zj-linear codes) and other
classes of codes. There are instances where propelinear approach yields codes
with larger size than linear ones. In particular, this holds for Preparata codes,
and all known classes of these codes are shown to be propelinear [5], [3], [18].

Unlike binary codes, which are well-studied, there are rather few works de-
voted to g-ary propelinear codes, for g > 3. We refer to [7], [2], [8], [1] for g-ary
perfect, MDS and generalized Hadamard propelinear codes.

In this work we propose a method of constructing g-ary perfect codes based on
the automorphisms of the regular subgroups of the general affine group GA(r, q)
and a Mollard construction [12]. For ¢ = 2 this approach which uses particular
case of Solov’eva construction was the topic of study of works [10] and [11]. In
[10] the values for the ranks and the kernels of these codes were found. A criteria
for coordinate transitivity of resulting code in terms of double cosets of GL(r, 2)
was suggested in [11]. An infinite series of binary extended perfect codes were
constructed in [11] with automorphism groups acting transitively on the code
and transitively on the set of its neighbors. Codes with such exquisite algebraic
properties are known as neighbor-transitive [4].

Basic definitions are given in Section 2. In Section 3.1 the general Mollard
approach [12] is described in terms of work [16]. The construction involves per-
mutations of the vectors of Fy . In Section 3.2 we focus on the case when the
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permutations arise from the automorphisms of regular subgroups of GA(r,q)
and then the resulting perfect codes are propelinear. Section 4 is on ranks of the
codes from general Mollard construction, which could be described in terms of
such permutations of Fy. Sections 5 and 6 are devoted to obtaining propelinear
perfect codes of various ranks. The idea behind the last two Sections is a natural
iterative approach for regular subgroups of GA(r, q).

2 Definitions

The all-zeros and all-ones vectors of the vector space Fy are denoted as 0, 1 and
their length will be clear from the context. The concatenation of vectors x and
y is denoted as x|y. For g-ary codes C' and D we use the following notation:

CxD={(zly) : 2 € C,y € D}.

A g-ary code of length n is called perfect if it has minimum distance 3 and
its size is m. The automorphism group Aut(Fy) of Iy is defined as the
group of all isometries of Fy, i.e. the automorphism group of the corresponding
Hamming graph H(n,q). The automorphism group Aut(C) of a code C' is the
setwise stabilizer of C'in Aut(F}). A g-ary propelinear code (original definition
was given in [15]) is a g-ary code whose automorphism group contains a subgroup
acting regularly on the codewords of C. The rank of a g-ary code C' is is the
dimension of its linear span over F,. We denote the latter by < C' >. The rank is
an important invariant for distinguishing inequivalence of codes. For a thorough
study of ternary perfect codes of length 13 we refer to [9], where a large class of
codes from construction [16] were classified, and the values of their ranks were
described. The ranks of g-ary perfect codes were studied in [14]. We note that
there are no results on ranks of propelinear perfect codes for ¢ > 3 and adress
their study in this paper.

The general affine group GA(r,q) is the group of all transformations (a, M),
where a € F;, M € GL(r,q), acting on the column-vectors b € [y, as follows:
(a, M)(b) = a + Mb, with respect to the composition:

(a, M)(b, M') = (a+ Mb, MM'). (1)

A subgroup of GA(r,q) is called regular if it acts regularly on the vectors of
Fywith respect to the above defined action. Apart from the translation group
(F,,+) there are many other regular subgroups of GA(r,q). In Example 1 of

this paper we consider a regular subgroup of GA(2,q) for a prime ¢, which is
isomorphic to (Fy, +) but not conjugate in GA(2, q).

3 The construction of g-ary propelinear perfect codes
from regular subgroups of GA(r, q)
3.1 Concatenation construction for g-ary perfect codes

The construction for propelinear perfect codes is based on more a general method
of Mollard [12]. We use the representation of this approach from work [16] by



Romanov. Let He be a parity check matrix of g-ary Hamming code C of length

qq:ll, H’ be a r x ¢" matrix whose columns are all g-ary vectors of length r.
+1_q
1

q
q

(24)

For any column-vector a,a € Fj we use the notation below for a coset C, of the
code C":

A(r+1)x qqr:ll parity check matrix of g-ary Hamming code of length

could be taken in a block form:

"

q
Co={x:xecF, " Hex? =a}. (3)

We also denote by D the linear code with the following r» + 1 x ¢" parity

check matrix:
1
o= (). @)

We index the positions of D with the columns of the parity check matrix Hp

and the position has index a, where a is a column-vector of Fy, if <(11) is the

corresponding column of Hp. Denote by e, the vector of length % of weight
1 with one in the position indexed by vector a. For a € F} denote by D, the
coset D + eg — e,. Note that for any a the coset D, fulfills overall parity check,

q
i.e. for any y € D, we have > y; = 0.
i=1

Theorem 1. [12/[16] For any q > 2 and any permutation T of the vectors of Ty,
the code

S; = L_J Ca % l)T(a)

a€Fy

g ti—1
—1 ‘

s a q-ary perfect code of length 7

Throughout the paper we assume that 7 fixes the all-zero vector. We note that

the Hamming code with the parity check matrix (2) coincides with |J C, x D,.
a€lFy

3.2 Concatenation construction for propelinear perfect codes from
the regular subgroups of GA(r,q)

Let G be a regular subgroup of the general affine group GA(r, q). Since G acts
regularly on Iy, for any a in I} there is an element of G that sends the all-zero
vector 0 to a. We denote this element by g,. Since ¢g,(0) = a we see that the
translation part of g, is a:

9a = (a, Ma) (5)

for some nonsingular matrix M,. Thus the elements of any regular subgroup of
G A(r,q) are indexed by the vectors of Fy.



Let T' be an automorphism of G. The permutation 7 of the vectors of Fy
such that for any a € F} gr@a) = T(ga), is called the permutation induced
by the automorphism T. As any automorphism fixes the neutral element, the
permutation 7 induced by any automorphism fulfills the equality 7(0) = 0. The
following result was proved in [10] for ¢ = 2. The ideas behind the proofs are
similar and we skip the proof due to the lack of space.

Theorem 2. Let 7 be the permutation induced by an automorphism of a reqular
r+1
subgroup of GA(r,q). Then S is a q ary propelinear perfect code of length %.

4 The ranks of the codes obtained by concatenation
construction

Let 7 be a permutation of the vectors of Fy that fixes 0. Since the positions
of the code D are indexed by the vectors of Fy, 7 is also a permutation of
the positions of vectors of D. We define the defect of a permutation 7 to be
dim(D) — dim(D N 7(D)). We have the following equality

dim(D) — dim(D N 7(D)) = rank (T{]I{DD)> — dim(DVY), (6)

where D+ is the dual code of D, i.e. the code whose generator matrix is the
parity check matrix Hp for the code D.

Consider the code S; = |J Cq X D;(q), described in Section 3.1. The main
a€ly
result of this section is the expression for the rank of S, in terms of defect of 7,
which is given by exhibiting an explicit basis of the linear span < S, >.
For any a € Fj, we choose a representative of C; which we denote by z,
throughout this section. By definition of the coset C,, we have Hg(x,)T = a.
The leader eg — e, of the coset D, is denoted by y, and we have

0
HDy({:— <a> .

In view of the considered numeration of cosets of C' and D via the vectors of
[y, we have the following natural correspondence for linear dependencies in the
coset spaces of C and D.

Proposition 1. Let T be a permutation of ¥y, firing 0. For any elements a, €
Fy, a € F, we have the following

Z Qqxq € C if and only if Z QalYr(a) € T(D).

a€ly a€lfy

Proof. The permutation 7 fixes 0 and acts on the positions of Fy that are
indexed by columns of Hp, i.e. the vectors of Fy. Therefore we have:

D tatir@y = D, taleo = era) = D taler(0) = €r(a) = T(D_ alia)-

aE]F;" aE]F; aE]F; aEIF;



It remains to show that

ZaayaeDc)ZaaxaeC.

a€ly a€lFy
Because the syndrome of z, € C,, is Hcxl = a, see (3), we have that

Z ., € C & He( Z aary)t = Z aga = 0. (7

aGIFZI‘ CLEIFZ G.GIFE

Since Hp(y.)T = — (2), we obtain that > a,y, is in D if and only if
aeF;

Hp( > aaya)” = - (Zaeﬂ?g %a) = 0.

a€ly

This, combined with (7), gives the required:

ZaaxaeC@)Zaaa:O(:}ZaayaeD.

a€ly a€ly a€ly
O
In what follows we denote by 21...,Z24im(c) a basis of C, where dim(C) =
% —r and by vy ..., v; we denote the vectors that complete a basis of DN7(D)

to a basis of D. Note that here | = dim(D) — dim (D) Ndim(7(D)) is the defect
of the permutation 7.
We introduce three sets of vectors

B = {(2alyr(a) : a € FL\ O}, B' = {(2:]0) : i € {1,...,dim(C)}},

B’ = {(0]v;) : j e {1,...,1}}.
We see that
g —1
qg—1

r+1 _ 1
) +l=L T 14 (8)

Bl + B[ + |B"| = (¢" — 1) + ( p—

We will now show that B U B’ U B” is a basis of the linear span S,.

Lemma 1. The set BU B’ U B” is linearly independent.

Proof. Clearly the sets BU B’ and B” are linearly independent. Suppose that
B U B’ U B” is linearly dependent and consider a nonzero vector of the space
< BUB' >N < B” >. In view of B, B’ and B” introduced above, the vector
can be represented in two ways



> al@alyr(a) + > Bi(zi0) = Y 7 (0fvy)

a€F7\0 ie{l,...,dim(C)} je{1,...,l}

for some aq, Bi,7; € Fy and for all i € {1,...,dim(C)}, j € {1,...,l}, a € Fy.
Equivalently, we have two equalities:

Z QqTq + Z Bizi = 0,

a€F7\0 ie{1,...,dim(C)}
Z aay’r(a) = Z Y5U;j-
a€F7\0 je{1,...,l}

Since z;’s are in C, the first of these equalities implies that

Z gz, € C. (9)

a€f7\0

By the choice of {v;},eq1,...13 they complete a basis of DN 7(D) to a basis of
D. Therefore their nontrivial linear combination >  «;v; is never in 7(D).

Then the second equality gives that

> Calra) ¢ T(D). (10)

a€F7\0

Since (9) and (10) do not hold simultaneously by Proposition 1, we obtain a

contradiction.
O

Lemma 2. Any vector of BUB'UB” isin S, and S; C< BUB'UB” >.

Proof. Any vector of B is (74|yr()) for some a € Fy and therefore it is in
Sr = U Ca X Dr(q), s0 B C S;. The set B’ is a basis C' x 0, therefore it is
a€ly
included in S;, whereas B completes a basis of 0 x (7(D) N D) to a basis of
0 x D and therefore B” ¢ C x D C S,. Since S, is the union of the cosets of
C x D with representatives (74|yr()), @ € Fy, the said above implies that it
remains to prove that 0 x (7(D) N D) is contained in the span of BU B’.
Given a vector (0lw), w € 7(D) N D we will show that it is the sum of two
vectors from < B > and < B’ >. Recall that the parity check matrix Hp of D
has an all-ones row, see (4). So, the code D, as well as 7(D), are subcodes of the
supercode with the parity check matrix (1,...,1). It is not hard to see that the
vectors Yr(q) = €0 — €r(a), for all a € Fy \ 0 form a basis of the supercode. We
consider a basis decomposition of w € 7(D) N D on y(,)’s:

w = Z AaYr(a); (11)

a€F7\0



for some «a, € Fy, a € Fy.
Take the vector >  u(Zalyr(a)), w € T(D)N D in < B >, which is the
a€F;\0
linear combination of the vectors (z4|yr(a)), @ € Fy\0 from B with the coeffcients
a's. From the equality (11) we see that the right side of this vector is w:

Z (@aalaYr(a)) = ( Z QuTq|lw) €< B > . (12)

a€Fr\0 a€Fr\0
By the choice of the vector w, it is in 7(D). Because w = Y q¥r(a), by
a€F7\0
Proposition 1 the vector Y. gz, is in C. Because B’ is a basis of C' x 0 we

a€f7\0
have that

D (aaz4|0) €< B' >
a€F;\0

This, combined with (12), gives that (0|w) is in < BU B’ >. We conclude
that C' x D and S; is a subset of the span of BU B’ U B”.
U

From Lemmas 1 and 2 and equality (8) we obtain the following.

Theorem 3. Let 7 be a permutation of the vectors of IF; with defect | such that
7(0) = 0. Then the rank of S; of length g1

g—1

18 equal to qrqtl;l —r—141.

5 The defect of the iteration of permutations

Let 7 and 72 be permutations of ! and Fy? respectively, 71(0) = 0, 72(0) = 0.
We represent any column-vector of F;ﬁr? as a concatenation (§) of some column-
vectors a € Fyt and b € F;2. The iteration of permutations 1 and T2, denoted
71|72 acts on the vectors of Ft 72 a5 follows:

(mlm)() = (23)), for all a € Ty, b € T2, (13)

We show that the iterations of permutations that are induced by automorphi-
sms of regular subgroups of GA(r1, ¢) and GA(rs, q) is a permutation induced by
an automorphism of a certain regular subgroup of GA(r1 + 72, q). Let G1 and Gs
be regular subgroups of GA(ry,q) and GA(rs,q). For elements (a, M) € G; and
(b, M'") € G4 consider the following affine transformation from GA(ry + r2,q)
which we denote by (a, M) ® (b, Ma):

(M, 0
@1 ("0 )
It is not hard to see that the direct product {(a, M) ® (b, M3) : (a, M) €

G1, (b, M3) € Gy} of the groups G and G5 is a regular subgroup of GA(r1+73, q),
see e.g. [13][Section 6]. Denote this group by G; ® Gs.



Let T7 and T» be automorphisms of the groups G; and Go with induced
permutations 7 and 7o respectively. We define the permutation 77 ® T on the
elements of G; ® G4 as follows: (T1 ®T3)(g1 ® g2) = T1(91) ®T2(g2). It is obvious
that 71 ® T is an automorphism of the group G; ® G2 and the permutation
Ty ® Ty of IFZ”’” is 71|72, defined earlier in (13). Thus we obtain the following.

Proposition 2. Let 71 and 72 be permutations of Fy' and F? induced by auto-
morphisms of reqular subgroups of GA(r1,q) and GA(ra,q), g > 2. Then 11|72
is the permutation induced by an automorphism of the reqular subgroup G1 Go

of GA(r1 +ra,q) and the code S|, is propelinear.
We leave the following theorem without proof.

Theorem 4. Let 11 and 2 be permutations of Fi' and ¥2, ¢ > 2 with defects
Iy and la, respectively, such that 71(0) = 0, 72(0) = 0. Then the defect of the
permutation 71|12 is 11 + lo.

6 An infinite series of propelinear perfect codes with
different ranks

We start this section with an example.

Example 1. Let ¢ be a prime, ¢ > 3. We will now construct a regular
subgroup of GA(2,q) isomorphic to Zq2 but not conjugate to the translation
group (Fg, +) in GA(2,q). We then show that there is an automorphism of this
group with induced permutation of the vectors Fy having defect 2.

Consider the following affine transformations

o= (@m0 = (@ (37 )

It is not hard to see that g and h commute. Moreover, the following holds:

gz‘hj _ ((g’))’_fd)((;(jfl))7 ((1) 21,7)) _ ((;%j(j*l)% ((1) 213)) (14)

For distinct pairs (i, 7) and (¢/,5’) the vectors (;ﬂ(]_l)) and (;-l,ﬂl(f_l)) are
different. Therefore the group spanned by g and h is a regular subgroup of
GA(2,q), isomorphic to Zg. Consider the permutation T of the elements of the
subgroup spanned by g and h defined as follows:

T(g'h’) = ¢’
for all 4,5 € {0,...,¢ — 1}. Since the g and h commute, the involution T is
an automorphism of the group spanned by g and h. By definition, the induced

permutation 7 of the automorphism 7T is such that 7(a) = b if T((a, M)) =
(b, M) where (a, M) and (b, M") are elements of the considered regular subgroup.

From (14) we have
irg _ ((i+iG-1) 125
s =7, (%)



and because g and h commute, we obtain
i g atiG=1)y (12
et =@ (5 7))
for all i,5 € {0,...,q — 1} and therefore we have
i+i(—1 j+i(i—1
(7)) = 7).

In particular if pairs (i, j) are equal to (1,0), (0, 1), (—1, —2) and (0, 2), we obtain

(0) = 1), 7() = @), 7(2) = C1),7(G) = () (15)
. . Hp . n
Using (6) we find the defect of 7, i.e. rank —dim(D+) =
7(Hp)
rank (T(iTI{D )> — 3. Since all-ones vectors are rows of both Hp and 7(Hp), we
D
have that
HD 0 a2 [P CLq2
k - 1 k 9
ran <T(HD)) +ran (0 T(a?) ... T(aq2)>

where a?,.. ., a? are nonzero vectors of ]Fg. We take the first four nonzero a'’s

as follows:
a’ = (p),a® = (9),a* = (°3),a° = (3).

From (15) applying elementary transformations to the rows of the matrix we
see that

) 105 2... 105 2...
L0 @ e N for—22 | fo1-22. | _
TN 0 r@2) @y ) T ot 02 [T Loo 2 0. | T
10-10... 006 2...
=4

and conclude that 7 is of defect 2.

Theorem 5. For all prime g,q > 3, 7 > 2 and i € {0,...,[r/2]|} there is a

—+1 r+1
g -1 g =1 _ -
) and rank ) r—1+ 2.

propelinear g-ary perfect code S; of length

Proof. Let 7 be an induced permutation of IF(QI with defect 2 from Example 1.
The permutation 7|...|r|id|...|id of Fy, where 7 is taken i times, and identity
is taken r — 2i times. From Proposition 2 the code Sr|.. |7|iq|...|ia i Propelinear.
In view of Theorem 4 the defect of 7|...|7|id]|...|id is 2i, so from Theorem 3 we

obtain the desired value for rank.
O
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