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Abstract. We consider a family F of 2n-dimensional Fg-linear rank
metric codes in Fy *™ arising from the polynomial 27 529" € Fyn[z],
where n is even and ged(n/2, s) = 1. We address the problem of charac-
terizing those codes in F that are MRD, which has already been solved
when n < 6. We give the solution whenever n is big enough with respect
to s (e.g. n > 10 if s = 1), and also when n = 8 if ¢ is odd and big
enough. To this aim, we translate the problem into the study of some
algebraic varieties with small degree with respect to q"?, and we apply
techniques from algebraic geometry over finite fields. The results rely on
the papers [8,16].
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1 Introduction

Let IF;”X” be the set of m x n matrices over the finite field F,, endowed with
the rank distance d(A, B) := rank(A — B). An Fy-linear rank metric code C is
a metric subspace of F;"*", which is also a k-dimensional Fg-subspace of the
F4-vector space F;**". The elements of C are called codewords. The minimum
distance d of C is the minimum distance between two distinct codewords, and
coincides with the minimum rank of a non-zero codeword. The parameters of
such a code C are denoted by [m x n, k, d], and satisfy the Singleton-like bound
k < max{m,n}(min{m,n} + 1 — d). If equality holds in this bound, then C is
called mazimum rank distance, MRD for short. The first nontrivial MRD codes
were constructed by Delsarte [5] and later independently by Gabidulin [6], after



whom they are nowadays called Gabidulin codes; several other families have been
constructed in recent years. MRD codes are of interest because of the optimality
of their parameters, but also because of the connections they have with other
mathematical objects. We refer to [7,14] for a detailed introduction to rank
metric codes.

We consider the square case m = n, for which we have a natural isomorphism
of Fg-algebras between Fy*" and the Fy-algebra L, ; of Fy-linear map over
F,n, whose elements can be identified (via the associated polynomial map) with
F,-linearized polynomials Z?:_Ol a;z9 over Fyn of degree smaller than ¢”, with
composition modulo #¢" — z. Therefore we consider rank metric codes in Lo g
with the rank distance d(f, g) = rank(f, g). We focus on F-linear [n x n, 2n,d],
rank metric codes of the shape

Cr =z, f(x))r,. = {ax +bf(x): a,beFyn}, (1)

for some f(z) € L, 4. Notice that, if C is an Fg-linear [n x n,2n,n — 1], MRD
code such that L(C) :={g € L, 4: go f € C for all f € C} has maximum order
¢", then up to a suitable equivalence C = Cy for some f € L,, 4; see [11]. Indeed,
many families of linear MRD codes known in the literature are of the shape Cy.

Notice that C; is MRD if and only if the kernel of g has F,-dimension at
most 1 for all non-zero g € Cy, and this is equivalent to require that

f(Io)_f(yo):>@€]F
Zo Yo Zo e

for all xg,yo € F}., that is, f(z) is scattered; see [13].
In the paper [9], rank metric codes Cs5s := Cy;, as in (1) were investigated
when n is an even positive integer and

fss(x) = 27+ PR ERN €Ly,

where § € Fyn \ {0}, 0 < s < n and ged(s,n/2) = 1. The goal was to provide
codes Cs s that are MRD. To this aim, the following is known.

n/2

— If §1+a
Section 5].

— If gl = 1, then Cs s is not MRD; see [9, Section 4].

— If §lta”? # 1, then dimg, ker(f) < 2 for all non-zero f € Cs; see [9,
Proposition 4.1].

— If n =2, then Cs s = ngz is MRD.

— If n = 4, then Cs is MRD if and only if §179+¢°+4> £ 1; see [13)].

— If n = 6, then Cs 5 is MRD for exactly [(¢*> + ¢+ 1)(¢ — 2)] values of 61+q3,
which are characterized; see [1] and also [12, Theorem 7.3].

— If n =28, g is odd and sitdt = —1, then Cs s is MRD; see [9, Theorem 7.2].

= §1+4"? then Cs,s is MRD if and only if C5 , is MRD; see [9,

We prove the following result concerning the open cases.



Theorem 1. Let n > 8.

(i) [8, Theorem 4.5] If

S 8s+4 ifg=3ands>1, orq=2 and s> 2,
n
~ | 8s+2 otherwise,

then Cs s is not MRD.
(i) [16, Theorem 1.1] If n =8, q is odd and q > 1039891, then Cs s is MRD if

and only if 5174 = —1.

Notice that for s = 1, if ¢ is odd and big enough, then Theorem 1 completes the
characterization of MRD codes Cs s for any n.

The proof is based on the investigation of rational points of certain algebraic
varieties over finite fields; we refer to [10] and [15] for the preliminaries on this
topic. A key tool is the Hasse-Weil lower bound

Ny > 041—29V¢ (2)

on the number N, of rational places of an absolutely irreducible curve of genus g
defined over Fy; see [15, Theorem 5.2.3]. An approach that has been used in the
literature (see e.g. [2]) relies on the application of the Hasse-Weil lower bound
to an Fyn absolutely irreducible component of the curve Z; with affine equation
% = 0. This approach may be useful when the degree of f(z), and
hence the genus of Z, is small enough with the order ¢" of the field, but this is
not the case for the polynomials fs s.

Therefore, we translate the property for Cs s of being MRD into the inves-
tigation of another suitable algebraic curve which turns out to be absolutely
irreducible, and whose genus is small enough to get the desired result when
n > 10. In order to deal with the case n = 8 when ¢ is odd, we move from
this curve to the investigation of a higher-dimensional F,-rational variety, whose
degree equals 16. For large ¢, this degree is small enough to apply a Lang-Weil
(Hasse-Weil-type) lower bound on the number of rational points and conclude
the proof.

2 An auxiliary algebraic curve

Let n > 8 be even, ged(s,n/2) = 1 and fs, = 29 + 52987 € Ly,q with 0 # 0.
For any finite field extension Fym /F¢, denote by Nym /s : Fgm — Fy the norm

gm—1 n/2

function x —» gttt ; in particular, Nyn gn/2 (7) = xlta

Lemma 1. Cs5 s is MRD if and only if

qs+n/2 o gqn/2
Nqn/qn/z ((5) 7& Nqn/qn/z (M) (3)

for all § € Fyn \Fyn)2.



Proof. The code Cs s is not MRD if and only if there exist zg, yo € Fyn such that

s n/2+s s n/ . n/24s
yo/zo ¢ Fy and (zf + 0z )/ xo = (y¢d + oy /yo, that is §(yozd —
g2+ n/24s n/24s
ZoYy

q
otherwise it follows that yo/zo € Fygn N Fyn/2+s = Fg, a contradiction. Then,

2+s
)

) = 2oyl —yoxl . The coefficient oz — ZoYg of ¢ is not zero,

writing 1 := yo /0, & == n? € F,n \ Fy, one gets

5 1 gqs+'n,/2 - fqn/2
- Jjgn/2+s_qs gqn/Z _ gqs
Since (1/:Egn/2+tqs)an/2 = 1, Css is MRD if and only if (3) holds for all
Sn/2 /2
& € Fgn \ Fy. It is easily seen that £ € Fyn satisfies ﬁ = —1if and

Only lfg S Fqn/Q, and C&,s is not MRD when Nqn/qn/2 (5) = Nqn/qn/Q(_l) =1.
The claim of the lemma follows.

We have therefore proved that, if & € Fyn/2 \ {0, 1} satisfies Ny /gn/2(d) = «
qs+n/2 qn/Z
and Ngn/gn/2 <££q/2:§q> = a for some § € Fyn \ Fn/2, then Cs s is not
MRD.
If T,S,A,B € Fyno are such that Nyugn/2(§) = =T, Tryn sgn/2(§) == £+

¢"? = 5, and €9° = A + B¢, then Lemma 1 yields the following result.

Proposition 1. [8, Theorem 3.6] Let § € Fyn satisfy Nyn jgn2(0) = a € Fynyz \
{0,1}. Then Cs s is MRD if and only if there exist T, S, A, B € F /2 such that

1. (1—a)(T+T9)aST 1 + (1 + a)(AS — 2BT) =0,
2. a* — Sx —T € Fyn2x] is irreducible over Fn/z,
3. 87 =2A + BS,

4. =T? = A% + B(AS — BT).

The conditions in Proposition 1 can be made more explicit by considering sep-
arately the cases ¢ odd and ¢ even. For ¢ odd, Condition 2. is equivalent to
S? 4+ 4T = nZ? for some n, Z € an/z with 7 a non-square in Fn/>. For ¢ even,
Condition 2. is equivalent to S # 0 and Tryn/z /5(T/S?) = 1, where Trn/2 5 is the
absolute trace on Fyns2. After some computation, the following characterization
is obtained from Proposition 1.

Corollary 1. (see [8, Section 3.1] for ¢ odd, [8, Section 3.2] for ¢ even)

— Let q be odd, and suppose that o := Nyn jgn/2(6) ¢ {0,1}. Fiz p € {1, -1}
and define B = potl € Fyns2 \ {1,=1}. Then Cs s is MRD if and only if,
Jor any non-square n of F yn/2, there exist no S,T,Z € Fyn/2 such that Z # 0

and

_ nZ27$2

r= s 4 ' s s q5+1 s (4>
—(S7 = 8)* +nZ% + T 2% — 28y = ZTH = 0.




— Let q be even, and suppose that o := Nyn n/2(3) ¢ {0,1}. Define g :=

Tra € Fgn2\{0,1}. Then Css is MRD if and only if, for any € € F jn/> with

Tryns2/2(€) = 1, there exist no S,T,Y,Z € Fyns> such that S # 0 and

T=S5%Z2%+7+e¢),
2’4+ Z4e=Y,
(S2@ DY T 4+ ST 1B+ Trys p(Y)) + V)
(SQ(qS_l)YqS + qu_l(l + 8 _,'_Trqs/2(y)) + Y) —0.

()

Equations (4) and (5) define affine models of I ./>-rational algebraic curves,
so that the characterization can be stated as follows.

— For ¢ odd: Cs5 is MRD if and only if, for any non-square n of Fu/2, the
curve X, in (4) has no affine F . .-rational points (5,%, 2) with z # 0.

— For g even: Cs s is MRD if and only if, for any € € Fyn/> with Tryn/2 5(€) = 1,
the curve in (5) has no affine F./2-rational points (5,%,7, z) with 5 # 0.

For ¢ odd, we study X s by means of tools from function field theory; in
particular, we show that X is a generalized Artin-Schreier cover of degree ¢°
of a quadratic Kummer cover of the projective line in Z.

For g even, we consider the following component of the curve in (5):

T=28%(Z?+7+e),
Vs : 8 2P+ Z+e=Y,
52(q571)qu + qufl(ﬂ + Trqs/z(Y)) +Y =0.

Also for the study of Vs s we apply tools from function field theory. The following
result is obtained.

Theorem 2. [8, Theorems 3.7 and 3.12]

— The curves X5 s and Vs s are absolutely irreducible, and both of them have
genus ¢>* —¢° — 1.

— The number of rational places of Xs5 s which are not centered at an affine
F yn/2-rational point (5,1, 2) with t # 0 is at most 4.

— The number of rational places of Vs s which are not centered at an affine
[ n/2-rational point (3, t,y,2) with 5 # 0 is at most 2q° + 2.

Once that the absolutely irreducibility of X s, Vs s has been proved and the
number of their “bad” rational places has been upper bounded, we can apply
Hasse-Weil lower bound (2) on their number N of rational places over F . 2.
For n big enough, i.e. under the conditions in Theorem 1 (i), Hasse-Weil bound
implies that IV is positive and the curves X5, and Vs, have “good” rational
places, that is, places centered at an affine F . .-rational point P such that we
have we have P = (5,t,z) with z # 0 for ¢ odd, and P = (5,%,%,2) with 5§ # 0
for ¢ even. Therefore, Theorem 1 (%) is proved.



3 An auxiliary higher-dimensional algebraic variety

Let n = 8. For ¢ < 11, it was shown computationally in [9, Remark 7.4] that:
for ¢ odd, Cs,5 is MRD if and only if Ngs4(6) = —1; for ¢ even, Cs is never
MRD. We look at higher values of ¢, and notice that the Hasse-Weil lower bound
¢ +1—2(¢** — ¢* — 1)¢*> < 0 applied to X5 and Vs s does not guarantee a
positive number of suitable [F «-rational points. We restrict to the case ¢ odd
and start from the case s = 1. -

Let ¢ be a normal element of Fya over Fy, so that B = {g,gfI,ng,gqs} is an
F,-basis of Fg4 over F;. Write two elements S, Z € F g4 as

S = Sof + S167 + S + ST, Z = Zob+ 21§+ 2T + Zo€”, (6)
with S;, Z; € F,. Now replace (6) in the equation
—(87— 8)2 + 122 + 0122 — 28y"T 79t =0 (7)
of X5, and write it as an [F-linear combination
Fof + Fi€7 + Fpe? + F3¢7 =0,

Since the left-hand side of (7) is a quadratic form over F, in S, Z, the coefficients
F; are homogeneous quadratic polynomials over I, in the S;, Z;’s. Therefore,

|

0(S0, 51, 82,83, Zo, Z1, Za, Z3)
1(So, S1, 82,83, Zo, Z1, Z2, Z3)
F>(So, S1, 52,83, Zo, Z1, Za, Z3)
F3(S0, 51,82, 83, Zo, Z1, Z2, Z3)

5|

Vs:

0
0
0
0

is an F,-rational projective algebraic variety in the 7-dimensional projective
space P7, obtained as the intersection of four quadrics. Since B is an F,-basis of
F g4, there is a one-to-one correspondece between the affine Fg4-rational points
of X1 different from (0,0, 0), and the F,-rational points of Vs.

Our goal is then to show that Vs has an Fj-rational point whose S;-coordinates
are not all zero. To this aim, it is enough to show that Vs has an absolutely irre-
ducible component defined over IF, whose degree is small enough with respect to
q, and then to apply the following Lang-Weil lower bound, which is the analogous
of the Hasse-Weil bound for higher-dimensional varieties.

Theorem 3. (Lang-Weil lower bound, see [3, Theorem 7.1]) Let V C PV be an
absolutely irreducible variety defined over F,, of dimension m and degree d. If
q > 2(m +1)d?, then the number A, of affine F,-rational points of V satisfies

1

13 m—
349

Ag>qm —(d—1)(d—2)g" "> —5d

We will show that either Vs is absolutely irreducible, or has only one absolutely
irreducible component of given dimension and degree. In both cases we then



obtain an absolutely irreducible component defined over F: this follows from the
fact that the g-Frobenius map (So,...,Z3) — (S§,...,Z]) fixes globally each
F-rational absolutely irreducible component of Vs, and preserves dimension and
degree of the components.

In order to investigate the components of Vs we consider another variety Ws
which is easier to handle and Fjs-projectively equivalent to Vs. Indeed, projec-
tive equivalence preserves both the dimension and the degree of an absolutely
irreducible component.

Consider the Moore matrix

¢ g1 er e
€167 €7 ¢
rer ¢ g |
SRR

which has non-zero determinant because B is an Fg-basis of Fga. Then

@1 (80,51, 52,83, Zo, Z1, Z2, Z3) > (S0, 51,52, 3, Zo, Z1, Z2, Z3) - (1\04 ﬁ_,)
is an IF ;a-rational invertible projectivity of P7. Let (Xo, X1, X2, X3, Yy, Y1, Ys,Y3) =
©(So, 51,82, S3, Zo, Z1, Z2, Z3). Whenever the coordinates S;, Z; of a point P €
P7 are in F, and S, Z are defined as in (6), the coordinates X;,Y; of ¢(P) satisfy
X; =57 and V; = 29", Thus, the equations defining the image Wy of Vs un-
der ¢ are obtained by applying the ¢’-power to Equation (7), j =0,...,3, and
replacing Sqi, 79" with X;,Y;. One gets

1443

Xo— X3)2 = n? Y2 +nYE — 289 0" 2" Y3Yy.

(X1 — X0)? = V@ + 0¥ — 289" Yoy,
2
o ) (Xa = X0)? =P T YE - 250" > V1Ya,
5 - - Baq?
(X3 — X2)? = T YZ + 0T Y — 287 0" 2V, Ys,
( )

As shown in [16, Lemma 3.1], Ws has dimension 3 and degree 16. About the
absolutely irreducible components the following can be proved.

— Suppose 327 — 3% # 0. Then, for some non-square 71 of F 4, there exists a
hyperplane IT of P7 such that Wj is not contained in P and W;s N IT is an
absolutely irreducible surface; see [16, Lemma 3.2]. This implies that W has
a unique absolutely irreducible component ¢/ of maximal dimension 3, and
U has degree 16; see [16, Proposition 3.3].

— Suppose 327 — 82 = 0 with 8 # %1, and suppose also 3 # 0. Then W; has
exactly three absolutely irreducible components Wi, Wy and U of maximal
dimension 3, whose degree is respectively 4, 4 and 8; see [16, Lemma 3.4]
and [16, Section 5] for an explicit description of the three components.



Among the absolutely irreducible components of Vs, consider the component
@ 1(U), which has the same degree and dimension of . As explained above,
©(U) is defined over Fy, and we can apply Theorem 3 to it. When ¢ > 1039891,
this guarantees the existence of an IF;-rational point of Vs with the S;-coordinates
not all zero; see [16, Theorem 3.5]. This shows that Cs1 is not MRD whenever
B # 0, that is, whenever § € [y, satisfies Ngs/q4(0) # —1; see [16, Proposition
3.6]. We have then proved Theorem 1 for s = 1.

3.1 The other values of s

For n = 8 and ¢ > 1039891 odd, we still have to consider the cases s =3, s =5
and s = 7 in Theorem 1.

We make use of an equivalence result from [9]. Two codes C,C" C L,, 4 are
said to be equivalent if C' = {fio fPofy: f € Co} for some invertible polynomials
fi, f2 € L, ¢ and field automorphism p € Aut(Fgn). Code equivalence preserves
the parameters, and in particular preserves the property of being MRD.

Given a rank metric code of the shape Cy C L,, 4, define the F,-linear space

Uf = {(l',f(l')) x € ]Fqn} - Fqn X ]Fqn.

Proposition 2. [13, Theorem 8] Let C¢,Cq C L, 4 be MRD codes. Then Cy
and C, are equivalent if and only if Uy and Uy are I'L(2, ¢")-equivalent.

Proposition 3. [9, Proposition 5.1] With the same notation as above, let 6,3 €
Fyn be such that Ngn sgn/2(0) # 1 and Nyn sgn/2 (0) # 1, and let s,5 € {1,...,n/2—
1} be such that ged(n/2, s) = ged(n/2,5) = 1. Then Uy, , and Uy; - are'L(2,¢")-
equivalent if and only if one of the following cases occurs for some automorphism
(S Aut(IFqn/g),'

— 8§=15and Nyn 4n/2(6) = Ngn/qn/z (0)°;
— §=n/2—5 and Nyn gn/2(8) = 1/Ngn jgn/2(6)7.

By Propositions 2 and 3, Cs3 is equivalent to C; ; for some de Fgs such that

Ngs/q4(0) = —1if and only if Nys/44(6) = —1. Therefore Theorem 1 holds for
5 =3.

For s = 5 we have fs55(x) = 0f1/51(7) and hence Cs5 = Cy/s,1, while for
s =7 we have f57(x) = 6 f1/53(x) and hence Cs7 = Cy/5,3. Since Nys /44(0) = —1
if and only if Ngsq4(1/0) = —1, it follows that Theorem 1 holds also for s = 5
and s = 7.
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