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Abstract. In this work, maximum sum-rank distance (MSRD) codes
and linearized Reed-Solomon codes are extended to finite chain rings. It
is proven that linearized Reed-Solomon codes are MSRD over finite chain
rings, extending the known result for finite fields. For the proof, several
results on the roots of skew polynomials are extended to finite chain
rings. These include the existence and uniqueness of minimum-degree
annihilator skew polynomials and Lagrange interpolator skew polynomi-
als. An efficient Welch-Berlekamp decoder with respect to the sum-rank
metric is then provided for finite chain rings.
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1 Introduction

The sum-rank metric [19] generalizes the Hamming and rank metrics. Codes
in the sum-rank metric over finite fields have applications in multishot Net-
work Coding [19, 16], Space-Time Coding with multiple fading blocks [14, 23]
and Distributed Storage [17]. However, codes over rings may be more suitable
for physical-layer Network Coding [4], and finite rings from the complex field
allows for more choices of constellations for Space-Time codes [7, 6].

Maximum sum-rank distance (MSRD) codes are those whose minimum sum-
rank distance attains the Singleton bound. Linearized Reed-Solomon codes [15]
are the MSRD codes with smallest finite-field sizes (thus more computationally
efficient) for the main parameter regimes. They cover a wide range of parameter
values and are the only known MSRD codes compatible with square matrices.
Linearized Reed-Solomon codes recover both generalized Reed-Solomon codes
[22] and Gabidulin codes [5], whenever the sum-rank metric recovers the Ham-
ming metric and the rank metric, respectively. Reed-Solomon codes over rings
were systematically studied for the first time in [21]. Gabidulin codes over Galois
rings were introduced in [7], and later extended to finite principal ideal rings in
[6]. Such families of Gabidulin codes over rings were proposed for Space-Time
Coding in the case of a single fading block in [6, 7], and they were proposed for
physical-layer singleshot Network Coding in [6].



In this work, we introduce MSRD codes and linearized Reed-Solomon codes
over finite chain rings. In Section 2, we collect some preliminaries on finite chain
rings. In Section 3, we define the sum-rank metric over finite chain rings, together
with the corresponding Singleton bound and the definition of MSRD codes.
Section 4 contains the technical tools regarding skew polynomials for linearized
Reed-Solomon codes and their decoding. In Section 5, we define linearized Reed-
Solomon codes over finite chain rings and prove that they are MSRD. In Section
6, we provide a sum-rank metric Welch-Berlekamp decoder for linearized Reed-
Solomon codes over finite chain rings.

2 Preliminaries on Finite Chain Rings

For a general reference, see [18]. A chain ring is a (local) ring whose ideals form
a chain with respect to set inclusion. Throughout this manuscript, we fix a finite
chain ring R. We will denote by m the maximal ideal of R. We will fix the prime
power ¢ = |R/m|, and we denote Fy = R/m, the finite field with ¢ elements.
Let h € R[z] be a monic polynomial of degree m whose image in F,[z] is
irreducible. Throughout this manuscript, we will fix S = R/(h). The ring S
is a free local Galois extension of R of rank m with maximal ideal 91 = mS.
Furthermore, the Galois group of R C S is cyclic of order m, and generated
by a ring automorphism o : S — S such that R = {a € S | o(a) = a} and
o(c) = ¢, for some primitive element ¢ € S. Moreover, it holds that S/9t = Fgm
and p(o(a)) =7(p(a)), for all a € S, where p: S — S/ = Fym is the natural
projection map, and @(b) = b?, for all b € Fym. We will usually denote @ = p(a),

and therefore, o(a) =7(a), for a € S.

An important feature of local rings is that the group of units is formed by
the elements outside of the maximal ideal. That is, R* = R\ m and S* = S\ M.
Finally, the following technical lemma will be useful for our purposes. Items 2
and 3 follow from Item 1, which is [18, p. 92, ex. V.14].

Lemma 1. Let $1,82,...,0, € S be R-linearly independent (thus r < m).

1. There are Bri1, ..., Bm € S such that B, Ba, ..., By are a basis of S over R.

2. The projections B, Bq, ..., B, € Fgm are Fy-linearly independent.
3. BlMBQa"'vﬂT € S*.

3 MSRD Codes on Finite Chain Rings

The sum-rank metric over fields was first defined in [19] but was previously used
in [14, Sec. IIT]. The rank metric was extended to finite principal ideal rings in
[6]. In this section, we will introduce the sum-rank metric for finite chain rings.

Since R is a finite chain ring, then it is a principal ideal ring. Therefore, given
A € R™ ™ there exist two invertible matrices P € R™*™ and @) € R™*™, and
a diagonal matrix D = Diag(dy,ds,...,d,) € R™*" with r = min{m, n}, such
that A = PDQ. The elements dq,d>,...,d, € R are unique up to multiplication



by units and the diagonal matrix D is called the Smith normal form of A. Hence
we may define ranks and free ranks as in [6, Def. 3.3].

Definition 1. Given A € R™*™ with Smith normal form D = Diag(ds,...,d,)
€ R™*" r =min{m,n}, we define the rank and free rank of A, respectively, as

rk(A) = [{i € [r] | d; £ 0} and fik(A) = |{i € [r] | d: € R*}].

We will work with linear codes in ™. To that end, we will translate the rank
metric from R™*™ to S™ as in [6, Sec. III-B]. For a positive integer ¢ and an

ordered basis a = (a1, ,...,a,) € S™ of S over R, we define M,, : St —
Rmxt by
C1,1 €12 --- C1¢t
€21 €22 ... Cot ot
Mo(c)=| . [ [erm™, 1)
Cm,1 Cm,2 -+ Cm,t

where ¢ = 31" @i(ci1,¢i2, ..., ¢ip) € RY, for i =1,2,...,m. We define rk(c) =
rk (Mg, (c)) and frk(c) = frk (Mg (c)), which is independent of o [6].

We may now define the sum-rank metric for the ring extension R C S.
This definition coincides with the classical one [14,19] when R and S are fields.
Over finite chain rings, this definition coincides with the Hamming metric when
ny =mng =...=ng = 1 and with rank metric as above [6] when ¢ = 1.

Definition 2 (Sum-rank metric). Consider positive integers ni,na,...,ng
andn =n1+ns+---+ng. We define the sum-rank weight of c € S™ over R for
the length partition n =ny +ng + -+ + ny as

wtsr(c) = irk (c(i)) ,

i=1

where ¢ = (c(l),c@),...,c“)) and ¢V € S™i fori = 1,2,...,0. We define
the sum-rank metric dgg : S?" — S™ over R for the length partition n =
ny +ng + -+ +mng by dsr(c,d) = wtgr(c —d), for c,d € S™. For an arbitrary
code C C S™, we define dsp(C) = min{dgg(c,d) | c,d € C,c # d}.

The sum-rank metric is indeed a metric by [6, Th. 3.9]. The subring R and
the length partition n = ni +ns + - - -+ ny will not be specified unless necessary.
The next lemma can be proven as [17, Th. 1] using the Smith normal form.

Lemma 2. Forc e S™, R C S and the length partition n =ny + - -+ + ny,
wtgr(c) = min{wty(cDiag(A1, As, ..., Ap))|A; € R™*™ invertible,1 <1 < (}.

Lemma 2 implies the Singleton bound for the sum-rank metric over R C S,
which recovers [15, Prop. 34] for R and S fields, and [6, Prop. 3.20] when ¢ = 1.

Proposition 1 (Singleton bound). Given an arbitrary code C C S™ (linear
or not), and setting k = log|g| |C|, it holds that dsr(C) <n —k + 1.



We define MSRD codes as follows, which recovers MSRD codes [15, Th. 4]
when R and S are fields, MDS codes over finite chain rings when ny = ny =
...=ng =1, and MRD codes over finite chain rings [6, Def. 3.21] when ¢ = 1.

Definition 3 (MSRD codes). We say that a code C C S™ is a mazimum sum-
rank distance (MSRD) code over R for the length partition n = ny+ns+---+ny
if k =logg |C| is a positive integer and dsr(C) =n —k + 1.

From Lemma 2, we deduce the following auxiliary lemma, which we will use
in Section 5 to prove that linearized Reed-Solomon codes are MSRD.

Lemma 3. Given an arbitrary code C C S™ (linear or not) such that k =
logg IC| is a positive integer, it holds that C is MSRD for R C S and the length
partition n = ny + na + -+ + ng if, and only if, the code CDiag(Ay, As, ..., Ay)
is MDS for all invertible matrices A; € R™*™ | fori=1,2,...,¢.

4 Skew Polynomials on Finite Chain Rings

The ring of skew polynomials [20] over S with morphism o is the set S[z; 0]
formed by elements F = Fy + Fix + Fya? + -+ + Fya?, for Fy, Fy,....F; € S
and d € N. If F; # 0, we define the degree of F as deg(F) = d, and we say
that F' is monic if Fy = 1. If F = 0, then we define deg(F) = —oco. Moreover,
sums of skew polynomials and products with scalars on the left are defined as in
the case of conventional polynomials. However, the product is given by the rules
ra = o(a)r and z'z? = 2" for a € S and 4,5 € N.

In order to define linearized Reed-Solomon codes for the extension R C S,
we will need the following definitions. We start with the following operators,
considered in [10, Def. 3.1] and [11, Eq. (2.7)] for division rings.

Definition 4 ([10,11]). Fiza € S and define the R-linear operator D, : S —
S by Di(B) = o' (B)o*~L(a) - o(a)a, for all B € S, and all i € N. Given F =
Z?:o F;az' € S[x;0] and (a, B) € S?, where d € N, we define

d
Fu(8) =) FD,(B) €S
=0

We will also need the concept of conjugacy [8,9].

Definition 5 (Conjugacy [8,9]). We say that a,b € S are conjugate in S
with respect to o if there exists 3 € S* such that b = a®, where a® = o(8)af~".

The following result follows by combining [8, Th. 23] and [9, Th. 4.5], and
was presented in the following form in [12, Th. 2.1] for general division rings.

Lemma 4 ([8,9]). If@1,az,...,a € F,n are pairwise non-conjugate (with re-
spect to @) and F € Fym[2;5] is not zero, then

4
Z dimp, (ker(Fz,)) < deg(F).



We now extend this result to the finite chain rings R C S. To this end, we
define the free rank of an R-module M as the maximum size of an R-linearly
independent subset of M. We will denote it by frkp(M).

Theorem 1. Let aj,as,...,ap € S* be such that a; — CLJB» € S*, for all p € S*,
and for 1 <i < j < {. For any non-zero monic F € S[z; 0], we have

£
> fikn(F (M) < deg(F),

Proof. If F = Fy + Fiz + -+ + Faz®, where Fo, Fy,...,Fy € S, denote F =
Fo+ Fiz+ - Fgz® € Fgm[2;7]. We have the following two facts:

1) We have that frkp(F, ' (9)) < dimg, (ker(Fg)). We now prove this claim.
From Definition 4 and the fact that o(a) = 7 (@), Fa(B8) = F.(8), foralla, B3 € S.
This means that, if F,(3) € M, then Fg(B) = F,(5) = 0. Therefore, F; * (M) C
ker(Fz). By Item 2 in Lemma 1, frkg(F, 1(IM)) < diqu(F([l(im)). Thus we
conclude that frkp(F;1(9)) < dimg, (F; (M) < dimg, (ker(Fg)).

2) aﬁéaf for 1§i<j§€andB€IFZm,sinceB€S* and ai—af ¢ M.

By 2), Lemma 4 applies and, using 1) and the fact that F' is monic,

J4 L
Z frkp(F, (M) < Z dimp, (ker(Fgz,)) < deg(F) = deg(F). 0

We will also need the following alternative notion of evaluation [8,9] based
on right Euclidean division [20].

Definition 6 ([8,9]). Given a skew polynomial F € Slz;o]| and a € S, we
define the remainder evaluation of F at a, denoted by F(a), as the only scalar

F(a) € S such that there exist Q € S[x;o] with F = Q - (x — a) + F(a).
We also need the following lemma, which is [9, Th. 2.7] and [8, Lemma 1].
Lemma 5. Let F,G € S[z;0], a € S and B € S*.

1. IfG(a) = 0 then (FG)(a) = 0. If B = G(a) € S* then (FG)(a) = F(a®)G(a).
2. Fo(B) = F(a”)B.

We will show that annihilator skew polynomials and Lagrange interpolating
skew polynomials exist for sequences of evaluation points as follows.

Definition 7. Consider vectors a = (ay,as,...,as) € (S*)* and B; = (Bi1, Bi2,

s Bimg) €8™, fori=1,2,...,L. Set B = (B4, Bs,.-.,08¢). We say that (a,3)
satisfies the MSRD property if the following conditions hold:

1. ai—afes*,forallﬁeS* and for 1 <i< j</{.
2. Bi1,Biz2, .-, Bin, are linearly independent over R, fori=1,2,...,¢ and, by
Item 8 in Lemma 1, they lie in S*.



The next step is the existence of minimal annihilator skew polynomials.
Theorem 2. Let (a,3) as in Definition 7, satisfying the MSRD property. There
are v; ; € S* and skew polynomials of degree deg(G, ;) = Z;;ll Ny + 7,

2

Gij=(x—al") - (z—a"") <:E - aZfll’"'”l) - (z—a)""), such that

Gij(af ) =0, if 1<u<i—1, orifu=iand1<v<j
Gy e s, ifi+1<u<t orifu=iandj+1<v<n,,

forj=1,2,....n; andi=1,2,...,¢.

Proof. We prove the proposition by induction in the pair (i,7). For the basis
step, we only need to define G1; = x — a’f“. We have G11.4,(81,1) = 0 by Item
2 in Lemma 5. On the other hand, since deg(G,1) = 1 and it is non-zero and
monic, then G114, (Buw) € S*, if (u,v) # (1,1), by Theorem 1.

Now, we have two cases for the inductive step. Either we go from G; ; to
Gi j+1, if j < ny, or from G, to Giyy,1 if © < £. The process stops when ¢ = £
and j = ny. We will only develop the first case of induction step.

Assume that G; ; satisfies the proposition and j < n;. In particular, G; ; (afi'j“)
€ S*. Define Yij+1 = Gi7j(afi"j+l)ﬂi’j+1 € S* and Gi’j+1 = (LU — a;“'j“) Gi’j. By
Lemma 5 and the assumptions on G; ;, we have Gi7j+1(a5"‘”) =0,ifl <u<i—1,
orif u=17and 1 < v < j+ 1. Since G; 41 has such zeros, it is non-zero,

monic and of degree 22;11 ny, + 7 + 1, then we deduce from Theorem 1 that

Gi7j+1(a5”’”) eSifi+1<u</lorifu=¢and j+2<v<mn,. O
We immediately deduce the following two consequences.

Corollary 1. Let (a,3) be as in Definition 7, and satisfying the MSRD prop-
erty. Then there exists a monic skew polynomial F' € S[x; 0] such that deg(F) =
ni+ng+---+ng and Fy,(B;) =0, forj=1,2,...,n; and i =1,2,... L.

Corollary 2. Let (a,3) be as in Definition 7, and satisfying the MSRD prop-
erty. For j = 1,2,...,n; and i = 1,2,..., £, there is a monic skew polynomial
F;; € S[x;0] such that deg(F) =ni+na+---+np—1, F; ;0. (8i;) =1, and
Fija.(Buw) =0, forallv=1,2,...,n; andu=1,2,...,0 withu#1 orv#j.

We may also obtain the following generalization of [6, Prop. 3.15].

Corollary 3. Let ay,as,...,ap € S be such that a; — a? € S*, for all B € S*
and for 1 <i < j <U{. Letu; € 8™ and let t; = rk(u;), for i =1,2,...,£. Set
t =1t1+1ta+---+1ts. Then there exists a monic skew polynomial F' € S[x; o] such
that deg(F') =t and Fq,(u; ;) =0, for j =1,2,...,n; and fori=1,2,...,L.

Proof. From the Smith normal form, there are o; € S% and B; € R%*™ such
that w; = a; B, frk(ey;) = t; and k(B;) = t;, for i = 1,2,...,¢. In particular,
(a, o) satisfies the MSRD property (Definition 7), where a = (a1, aq,...,a)



and a = (a1, g, ..., ay). By Corollary 1, there exists a monic skew polynomial
F € S[z;0] such that deg(F) =t and F,,(a; ;) =0, for j =1,2,...,¢; and for

i =1,2,...,¢. Since the map F,, is R-linear and u; = o;B;, we deduce that
Fo,(uij)=0,for j=1,2,...,n; and for ¢ = 1,2,...,¢, and we are done. O
We now extend the matrices from [15, p. 604] to finite chain rings.
Definition 8. Consider vectorsa = (ay,as,...,a;) € S* and B; = (BinsBizs- -,
Bim;) € S™, fori=1,2,...,0. Set B=(B1,B2,---,8,) andn=n1+nas+---+
ng. For k=1,2,...,n, we define the extended Moore matriz
Bra oo B || Ber oo Beng

Da,(Br1) -+ Day(Brny) |---| Da,(Be1) - Day(Ben,)
Mk:<aa/6>: . . . .

Dy (Bra) -+ DET (Bum)|- | DE H(Bea) -+ DE (Bene)

The following result follows from Corollary 2 as in the classical case.

Theorem 3. Let (a,3) as in Definition 7, satisfying the MSRD property. Let
n=mni+---+ng. Then My(a,B) is invertible. In particular, given ¢, ; € S, for
i =1,2,...,n; and i = 1,2,...,£, there exists a unique F € S|x;o] such that
deg(F) <n—1, and F,,(Bi ;) = ¢ij, for j=1,2,...,n; and i =1,2,... L.

5 Linearized Reed-Solomon Codes

In this section, we extend linearized Reed-Solomon codes [15] to finite chain
rings, providing the first construction of MSRD codes over finite chain rings.
The following definition is [15, Def. 31] when R and S are fields. Over finite
chain rings, it coincides with Gabidulin codes [6, Def. 3.22] when ¢ = 1 and
generalized Reed-Solomon codes [21, Def. 22] when m =ny = ... =ny = 1.

Definition 9. Let (a,3) as in Definition 7, satisfying the MSRD property. For
k=1,2,...,n, we define the k-dimensional linearized Reed-Solomon code as the
linear code Cy(a, B) C S™ with generator matriz My(a,3) (Definition 8).

The main result of this section is the following. It coincides with [15, Th. 4]
when R and S are fields, with [6, Th. 3.24] over finite chain rings when ¢ = 1, and
with [21, Prop. 23 & Cor. 24] over finite chain rings whenm =ny = ... =ny = 1.

Theorem 4. Let (a,3) as in Definition 7, satisfying the MSRD property. For
k =1,2,...,n, the code Cp(a,B) C S™ is a free S-module of rank k and an
MSRD code over R for the length partition n = ny + - -+ + ng.

Proof. Let A; € R"*" be invertible, for i = 1,2,...,¢. By the R-linearity of
o, we have that Ci(a,3)Diag(A1, As,..., As) = Cr(a, BDiag(4;, Aa, ..., Ar)),
which is also a linearized Reed-Solomon code, since (a, 8Diag(A;, As, ..., As))
also satisfies the MSRD property since Ay, As, ..., A, are invertible. Therefore,
from Lemma 3, we see that we only need to prove that Cx(a,3) is MDS and a
free S-module of rank k. Both properties follow from the fact that any k& x k
square submatrix of My (a, 3) is invertible by Theorem 3. O



Finally, we show how to explicitly construct sequences (a,3) satisfying the
MSRD property. In this way, we have explicitly constructed linearized Reed-
Solomon codes for the finite chain ring extension R C S. The R-linearly inde-
pendent elements 5; 1, Bi2,...,8in, € S* can be chosen as subsets of any basis
of S over R, fort=1,2,...,¢. We now show how to choose a1, as,...,as € S.

Proposition 2. Let 1 </ <q—1 and let v € Fyn be a primitive element, that
i8, Fypm = (094, ..,y Such‘an element always exists [13, Th. 2.8]. Take
ai,as,...,ap € S* such that a; = v~ 1, fori=1,2,...,0. Then ai,as,...,as €
S* are such that a; — af e S*, forall B € S* and all1 <i<j </

In particular, we have shown the existence of linear MSRD codes of any rank
for the extension R C S for the following parameters.

Corollary 4. Let 1 </(<qg—1,1<n;<m fori=1,2,... 4,1 <k<n, and
n =mny + -+ ng. Then there exists a code C C S™ that is a free S-module of
rank k and is MSRD over R for the length partition n =ny + -+ + ng.

6 A Welch-Berlekamp Decoder

In this section, we present a cubic-complexity Welch-Berlekamp sum-rank error-
correcting algorithm for the linearized Reed-Solomon codes from Definition 9.
The decoder is based on the original one by Welch and Berlekamp [2]. Welch-
Berlekamp decoders for the sum-rank metric in the case of fields were given in
[3,16, 1], listed in decreasing order of computational complexity.

Fix (a, 3) as in Definition 7, satisfying the MSRD property. We will set b; ; =
o (Bij) aiB;]17 for j=1,2,...,n; and for s = 1,2,...,¢. Next fix a dimension k
with 1 <k <n —1, and consider the linearized Reed—Solomon code Ci(a,3) C
S™ (Definition 9). The number of sum-rank errors that it can correct is

t= {dszz (Ci(a,B)) — 1J _ {n—kJ _

2
Let ¢ € Cx(a,B) be any codeword, let e € S™ be an error vector such that
wtsr(e) < t, and define the received word as

r=c+ecS". (3)

Since wtgr(e) < t and 2t + 1 < dgg (Ck(a,3)), there is a unique solution ¢ €
Ck(a, B) to the decoding problem. Define the auxiliary vectors ¢’ = ¢-Diag(83) !,
e = e-Diag(8)7!, and ' = r - Diag(3)~!. By Lagrange interpolation (Theo-
rem 3) and Lemma 5, there exist unique F, G, R € S[z; o], all of degree less than
n, such that F(b) = ¢/, G(b) = €, and R(b) = r’, which denote component-
wise remainder evaluation (Definition 6). Moreover, since ¢ € Ci(a,3), then
deg(F') < k. Following the original Welch-Berlekamp decoder, we want to find
a non-zero monic skew polynomial L € S[z; o] with deg(L) < ¢ and such that

(LR)(b) = (LF)(b). (4)



However, since we do not know F', we look instead for non-zero L,Q € S[x;0]
such that L is monic, deg(L) < t, deg(Q) < ¢+ k — 1 and

(LR)(b) = Q(b). ()

In the following two lemmas, we show that (4) and (5) can be solved, and
once L and @ are obtained, F' may be obtained by left Fuclidean division.

Lemma 6. There exists a non-zero monic skew polynomial L € Slx;o] with
deg(L) <t satisfying (4). In particular, there exist non-zero L,Q € S[x; o] such
that L is monic, deg(L) < t, deg(Q) <t+k—1 and (5) holds.

Proof. By Corollary 3, there exists a non-zero monic skew polynomial L € S|z; o]
such that deg(L) < tand Lg,(e; ;) =0,for j =1,2,...,n;and fori =1,2,... 2.
The reader may verify from the definitions and Lemma 5 that

(LG)(bij) = Lo, ,(G(bi ;) = Lv, , (€ ;) = La,(ei;) =0,

forj=1,2,...,n;and fori=1,2,...,£. Since R(b) = F(b)+G(b), we conclude
that (L(R— F))(b) = (LG)(b) = 0 by Lemma 5. In other words, L satisfies (4).

O
Lemma 7. If L,Q € S[z;0] are such that L is monic, deg(L) < t, deg(Q) <
t+k—1and (5) holds, then Q = LF.

Proof. First, by (5) and the product rule (Item 1 in Lemma 5), if (F —R)(b; ;) =
0, then (LF — Q)(b;;) =0, for j =1,2,...,n; and for ¢ = 1,2,...,{. From this
fact, and using Lemmas 2 and 5, the reader may deduce that

whsr (LF — Q)(b) - Diag(8)) < wtsr ((F' — R)(b) - Diag(83)) < t.

Therefore, we may apply Lemma 6 to LF and @, instead of F' and R. Thus
there exists a non-zero monic Ly € S[z; o] such that deg(Lo) < t and (Lo(LF —
Q@))(b) = 0. Now observe that deg (Lo(LF — Q)) < 2t+ k — 1 < n. By Lemma
5 and Theorem 3, we conclude that Lo(LF — Q) = 0. Since Ly is non-zero and
monic, we conclude that LF = () and we are done. a

Finally, once we find non-zero L, Q € S[z; o] such that L is monic, deg(L) < ¢,
deg(Q) < t+k—1 and (5) holds, then we may find F by left Euclidean division,
since @ = LF by Lemma 7 above. Left Euclidean division is possible in S[z; o]
since o is invertible. Finding L and @ using R and b (which are known) amounts
to solving a system of linear equations derived from (5) using the Smith normal
form, as in [6, Sec. I1I-D]. Using this method, the decoding algorithm has an
overall complexity of O(n?®) operations over the ring S.
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