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1 Introduction

Let F, be the finite field with ¢ elements, where ¢ = 2", for some positive
integer n. Various modifications of well known functions, in particular the inverse
function 2972 or rational fractional permutations have been studied extensively
in relation to a large variety of problems, see for example the surveys [3,24], and
the recent papers [9,10,14,15,17].

The affect of the change of values of APN functions at a small number of
points or in larger sets, especially in subfields, has been of particular interest.
Such modifications enabled constructions of new functions/permutations that
have favourable differential properties, high algebraic degrees and high nonlin-
earity, see [5,9,13,14,17,19,20,21,22,23,25,26].

Another important gain in studying this affect is the insight it provides into
the challenging problems concerning upper bounds for algebraic degrees of APN
functions, the Hamming distance between them, and the construction of APN
permutations for even n. We refer to [7,8,16] for some of the work in this direc-
tion.

In an attempt to better understand the planarity of a non-APN function (of
low differential uniformity), it is natural to ask “how close it is to being APN”.
To address this vague question, one may like to identify/construct functions,
with “many 2-to-1 derivatives”. Here, we focus on such functions, which are
referred to as partially APN functions.

In a recent work, Budaghyan et al. gave the following definition.
Definition 1. (/6]) Let xo € Far be fized. A function F : Fon — Fon is defined
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to be an xg-pAPN function (or xo-partially APN) if all pairs of elements x,
y € Faon, satisfying

F(xg)+ F(z)+ Fly) + F(zo+x+y)=0 (1)

lie on the curve (zg + x)(zo + y)(x +y) = 0.

This concept is motivated by one of the criteria for APN-ness, which is
referred to as the Janwa-Wilson-Rodier condition. It states that a function
F :Fan — Fan is APN if and only if all triples of elements z, y, z € Fan satisfying
F(z)+F(y)+F(2)+F(z+y+z) = 0belong to the surface (z+y)(x+2)(y+2) = 0.

It is clear therefore that F'is APN if and only if it is zo-pAPN for all 2y € Fan.
We refer to the set of points xg € F, where F' is £o-pAPN as the p-spectrum of
F and put

p-Specq(F) = {xg € F, : F is z9-pAPN}.

Clearly, F' is APN if and only if the cardinality |p-Specq(F')| is ¢. Hence one may
consider a function F' to be close to being APN, if |p-Specy(F)| is large when
compared to the field size.

Another notion of partial APN-ness can be found in [11] that we state below.
Definition 2. ([11]) Let a € F5. be fized. A function F : Fon — Fan is said
to satisfy the property (p) if the equation D,F(x) = F(z) + F(x 4+ a) = b has
either 0 or 2 solutions for every b € Fan, i.e., the derivative D,F(x) of F in
direction a is 2-to-1.

Again, clearly, F is APN if and only if it satisfies the property (p,) for all
a € F5,.. In fact, it is sufficient to check smaller sets to ensure APN-ness, see [11]
and [12]. We also define the p-spectrum of F' and put

p-Specq(F') = {a € F} : F satisfies the property (pa)}.

We essentially focus on these two notions of partial APN-ness, while we
briefly point to their relations to other recent work, [12] and [18], see Remarks
2, 3, 4.

We use the so-called difference squares to reformulate the conditions in the
Definitions 1 and 2. By fixing an ordering of the elements of Fan, therefore putting

Fon = {21 = 0,29,...,29n }, we define the difference square corresponding to
the function F to be the 2" — 1 by 2" array where the a-th row A,(F), a €
{xa,...,xan}, consists of the derivatives Do F (1), ... , Do F(a2n).

With this terminology, it is obvious that the Definitions 1 and 2 can be
expressed as follows.
Definition 1*. Let xg € Fon be fized. A function F : Fon — Fon is x9-pAPN
if for each a € {xa,...,xan}, the element D F(xo) appears exactly twice in the
a-th row A, (F).
Definition 2*. Let a € F3,. be fized. A function F : Fon — Fon satisfies the
property (pq) if any element in the a-th row A, (F) appears exactly twice.

The use of difference squares helps studying these two notions of partial
APN-ness in a parallel manner (see the proofs of Theorems 1, 3), providing a
tool to better comprehend the similarities/differences between them. The spectra
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p-Specq(F) and p-Specq(F') can be compared for instance, when F' is obtained
by modifying the inverse function, see Theorems 1, 3 and Tables 1, 2 below.
This approach provides a further insight into the affect of modifications on the
differential behaviour of APN functions, and perhaps more importantly, it helps
to analyse “fine” differences between non-APN functions, see Remarks 3, 5 and
Example 1.

We also study modifications of a class G of functions over extensions of Fan.
The class G contains Gold and Kasami-Welch functions, which are known to be
exceptional APN, i.e., they are APN over infinitely many extensions of iy = Fon.
It is also known that their one or two point modifications are not APN over
extensions of sufficiently large degrees. Here we give the first quantitative results
on the planarity of modifications of G € G over Fym,m > 3, namely we present
upper bounds on the cardinalities of their p-spectra.

2 Modified APN/differentially 4-uniform functions

2.1 The inverse permutation

Modifications of the inverse function 29-2 turn out to provide some rare examples
of functions with interesting differential properties. Following [8], we will first
focus on such an interesting case, see part (1.i) of Theorem 1. In what follows,
we use the notation of [15, Theorem 2.5]. Let ¢ be a permutation of Fan, induced
by a permutation polynomial F' € Fan[z], i.e., F(c) = o(c) for all ¢ € Fan.

If the values of F' at pairwise distinct ¢ elements, say of a1, ..., ay, are inter-
changed so as to obtain the permutation o/,
o =(o(a1)... o(ag)) oo, (2)

we denote the permutation polynomial that induces ¢’ by Fy, .. q,. Here we will
only be concerned with the cases ¢ = 2 and 3. Note that if F(x) = 2972, then
Fp o is the function with values Fy o(0) = 1/«, Fyo(a) =0, and Fp o(x) = 1/z
for x # 0, a.

We now sketch an alternative proof for Theorem 2 in [8], in order to explain
our tool in this simple case. Our view point does not only simplify and shorten
the proof in [8] considerably, but it also enables us to extend the result to the case
¢ = 3 easily, i.e., to the case where 3 values F'(0), F'(a), F(8) are interchanged,
see Theorem 2.

In what follows, we denote by Tr(z) the absolute trace of z € Fan. We also
write p-Spec(F') or p-Spec(F') when the value of ¢ is clear. We use the notation
0r(a,b) = {z € Fy : Do F(x) = b}| as usual, and we put

0(F,a,z) =dp(a, D F(x)), dp(a)= gl%xép(a, b).
eF,

Theorem 1. Let F(z) = 2972 and the permutation polynomials Fy . and F, g
be as defined in (2) above. Then the following hold.
Li) If n is odd, then the permutation Fy o, o € F5., is not xo-pAPN for any
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xo € Fon. In other words, the p-Spec(Fy.) is empty for any o € Fi..

Lii) Suppose that n is even and w satisfies w? +w+1 = 0. Then Fy o is xo-pAPN
if and only if xo ¢ {0, o, aw, aw?} and Tr(%5) =1

I1.i) Consider the permutation Fy 3. Suppose that n is odd and xo ¢ {0, a, B}.
If Tr (%) =0orTr (m%) =0, then F, g is not xo-pAPN.
If, on the other hand, Tr(%) =0, then Fy g is xo-pAPN for all zy € Fon \ {x €
Fon : 22+ Bz +afB =0}.

IL.ii) Suppose that n is even, w satisfies w? +w+1 =0 and zo ¢ {0,a, B}. Then

F, s is o-pAPN if zg € {wa,w?a,wB,w?B} and either Tr (M) =0

(B+z0)?(zo+a)

or Tr (%) = 0. Otherwise it is not xg-pAPN.

Proof. For proving parts (I.i) and ([.4), we consider D, Fy (x) = Fyo(z) +
Fy.o(a+x), where a € 7. The values of D, Fjy o(x) can obviously be determined
as follows. Assuming a # « one has,

i) DoFpo(z) =2+ 1 =42 whenz=0orz=a.

ac ?

ii) DoFp,o(x) = ?,ﬁ’x—aorx—a—%a

In case a = a we have,
ili) Do Foa(z) = é 1 , when z = 0 or z = a. And finally,
iv) Do Fo o(z) = W’ When x#0,a,a,a+ a.

In order to determine the p-Spec(Fp o), we need to check if there exists any
x € Fan such that §(Fp o, a,x) > 4 for some a € F;,. Obviously, such z cannot
be in p-Spec(Fp o). We therefore need to understand how the derivatives that
are changed after the modification are related to each other and to the remaining
ones. For instance the values of the derivatives in (i) and (ii) are the same, when

ata _ holds for some a, i.e., exactly when
ax a+

(3)a®>+aa+a?=0
has solutions in F3., i.e., if and only if Tr(%) = Tr(1) = 0. Similarly, ¢£& =
axixZ » OT
(4) (z + a)a? + (az + 2%)a + ax® =0
holds for some a € Fj, if and only if Tr (&F22%) = Tr (557 ) = 0.
The derivatives in (ii) and (iv) lead to the equation and the conditions
(5) a®> + (z + a)a+ 22 =0,
Tr (ﬁ) =Tr(1) + Tr <w+a) = 0. Finally, 1 = 2o.7 leads to the equation
(6) a® +xa+ 2% =0,
and the condition Tr(Z) = Tr(1) = 0.
When n is odd, Tr(1) = 1. If Tr (w%l) = 0, then Equation (4) has solutions,
otherwise Equation (5) has solutions in Fan.
Let Do Fpo(x) =b € AgFp o, wherez # 0, o, a, a+, a # a. IfTr( ) =0,

then b = DyFpo(0) and hence dp, (a,b) > 4. If Tr (m) — 1, then b =
Dy Fp o () so that again, b € A, Fp o has 4 pre-images. Therefore, for all z € Fan,
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there exists a € F5,. such that §(Fp o, a,z) >4, ie, Fy o is not xo-pAPN for any
g € Fan.

Suppose now that n is even. The differential behaviour of Fj ,, is as follows.
Since Tr(1) = 0, the equations given in (3) and (6) have solutions in Fon. Equa-
tion (3) implies that D,Fp o(0) = Dy Fpq(c), where a # «. So, Fy, is not
0-pAPN and not a-pAPN. Similarly, Equation (6) implies that Fy , is not zo-
pAPN for its solutions, i.e., for z¢g = aw and 29 = aw?, where w? +w+1 = 0. If

Tr (x_%) =1, then Equations (4) and (5) have no solutions in Fan, hence part

(L.i7) follows. We omit the rest of the proof since similar arguments yield the
result easily. O
Remark 1. We note that the difference between differential behaviours of the
functions Fy o and F, g is expected although only two values are interchanged
in both cases. In fact these two permutation polynomials are of different Car-
litz rank. With the terminology and notation of [15] for instance, 0 is a pole of
F(z) = 2972, hence Theorem 2.5 in [15] implies that the Crk(Fp ,)=2, while
Crk(Fu,3)=4. Indeed, these polynomials can be expressed as

Foo(z)=((Px+0)T2+ 611245 §=1/a,

q—2 a-2

+ B)2 q—2 32 -2 +8 8 1
Foupl2) = <(W> * oz2a+ 52> * aaﬂ * aojk B +E

respectively, see [1]. This observation motivates the investigation of permutation
polynomials of Carlitz rank 3. Hence we consider permutations Fy , g, which are
obtained from F(x) = 2972 by interchanging its values at three elements 0, c, 3,
as in (2) above. The following result easily follows by the arguments that we
used in the proof of Theorem 1. A full classification can also be given, though it
is too technical to state here.

Theorem 2. Let F(z) = 2972 and the permutation polynomial Fy o p be as

defined in (2) above. Then the following hold.
i) If Tr(%) =0, then Fy o g is not 0-pAPN, and it is not B-pAPN.
i) If Tr(aiﬁ) =0, then Fy o g is not 0-pAPN, and it is not a-pAPN.
iti) If Tr(53%-) =0, then Fo,a g is not zo-pAPN.
We now focus on the notion of partial APN-ness, which is given in Definition
2. In this abstract we state and sketch the proof of our result for the function
Fy,o only.

Theorem 3. Let F(z) = 2972 and the permutation polynomial Fy o be as de-
fined above. Then the following hold.
i) Suppose that n is odd. Then the property (pa) holds for a € F; if and only if

a=a, or Tr(;¢;) =1 and Tr(g) = 0.

ii) Suppose that n is even and w satisfies w? +w+1 = 0. Then the property (p,)
holds for a € F} if and only if a ¢ {o, aw, aw®} and Tr(;9-) = Tr(2) = 1.

a+a a
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Sketch of Proof. In order to characterize a € F; such that the property (pa)
holds, one simply considers the same equations as in the proof of the first part
of Theorem 1, arising from the derivatives given in (i)-(iv), and solve them for
x. For instance, Equation (3) implies that the property (p,) does not hold when
Tr(1) = 0, and @ = aw or a = a’w, where w? + w + 1 = 0. Similarly, the
property (p,) does not hold when Tr(;%;) = 0 because of Equation (4), and
when Tr(%) + Tr(1) = 0 because of Equation (5). Hence when n is even, the
property (pa) holds if and only if a ¢ {a, aw, aw?} and Tr(-%-) = Tr(2) = 1.
O
Table 1 below shows how p-Spec(Fy,,g) and p-Spec(Fy, g) are related for the
same values of a, 8 € Fan. The entry (c,d)" refers to the fact that there are
p pairs (o, 8), @ # B, such that ¢ = |p-Spec(Fy )| and d = |p-Spec(Fy g)l.
For instance, one can see that while p-Specys(Fp,) is empty for all a € F3;
(Theorem 1, i), |p-Specys (Fo,a)| = 6.

ato

Table 1: Comparison of p-Spec(F, ) and p-Spec(F, g) for F(x) = 2972

n Spectra

1 0,00, 0, 0%, & 0", (5,7

5 (0,6)°", (6,9)™™, (8,10 )155,(9 )155

6 ( )63 (0 1)378,< 72)378 (0 )3
(2,0)%9, (2, 1), (4,05, (30, 12)°°

7 (0,36)27, (26, 31)°57, (28, 34757, (29, 33)™7, (30, 31]°
(32,33)5%, (32,34)1778, (35, 33)359, (36, 33)5%

Table 2 illustrates the case of 3 point modification. The result on p-Spec(Fo o 3)
is not at all difficult to prove, however it is too technical to state here because of
the many boundary conditions one needs to consider. Hence we will be content
with giving the computational results only.

Table 2: Comparison of p-Spec(Fp o 5) and p-Spec(Fp o, 5) for F(x) = z772

n Spectra
4 (0,0)%,(1,3)"0,(8,4)%
5 ( )15 ’(272)155 (2 4)155 (473)155 (6,5)155,(6,8)155
6 (6, )126,(6,1 )378 (7 3)37 ’(7 )3787(7’ 9)378
(8, )756 (8 12 )378 ( ) 97( 10)1897(13 9)3787(13 11)378
7 (12,9)889(12,12)889 (12 16)889 ,(12,17) 9(14,13)%89,
(14, 16)88 (14, 20)889 (16,12)%%9 (16,14)%89, (16,17)889
(16,20)889 (18,14)%89 (18,16)%89 (18, 17)889, (18,19)'778,
(22,24)889 (24, 25)889

Remark 2. We note that the cardinality of the p-Spec(F') carries information
concerning the planarity criterion developed in [18]. With the terminology and
notation of [18], the p-Spec(F) is the set F5. \ Dp, where D is the set of critical
directions, defined as Dp = {a € F5. : dp(a) > 4}. Hence, the number of the
so-called vanishing flats (see [18], page 7102) is at least §(2" — 1 —[p-Spec(F)]).
One can obtain therefore a lower bound for the number of vanishing flats for the
functions Fy, g and Fp o, for 4 < n < 7 from the values given in Tables 1 and
2, when «, 8 vary over Fan.
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Remark 3. Recall that when n is even, F(z) = 2972 is differentially 4-uniform.
It is easy to see that for each x € 3., there exist (exactly 3) values of a € F3.,
such that D,F(z) = % repeats 4 times in A, F, and that this holds for any
a € F3., implying that |p-Spec, (F')| = |p-Specqy(F)| = 0. Hence, F is “not close
to being APN” with respect to both concepts, although all other elements in
the a-th row A, F, for each a € F3, repeat only twice. One may therefore argue
that this property entitles I’ to be partially APN! The differential behaviour of
Fy o () however is quite different, as shown in the proof of Theorem 1 above.
Indeed, there are rows Ay Fp , with more elements repeating 4 times, but also
those with all of its elements repeating only twice, see Example 1 below.
Example 1. Let n = 6, and consider Fy ,(z), where a% +a? +a® +a+1=0.
There are 12 rows A,Fp with 2 elements repeating 4 times, and 12 values
of a such that each element in A,Fp , repeats twice, i.e., dg, ,(a) = 2. Hence
|p-Specq (Fo,a)| = 12, and Table 1 shows that [p-Spec, (Fo.)| = 30, i.e., F o()
is partially APN with respect to both concepts.

Remark 4. The property of F(z) = x9~2 that we mentioned in Remark 3 singles
it out among the non-APN monomials, see [12] and [18]. Indeed, the number of
vanishing flats of F' attains the lower bound 2= for such monomials (see [18],
Proposition III.1). It is also the only known differentially 4-uniform monomial
so far, where the associated code Cr has no codewords of weight 4, see Problem
1in [12].

Remark 5. A comparison of the large values of the spectra in Tables 1 and
2 reveals that the function F, g is closer to being APN then Fp , g, although
the latter is obtained by changing values at 3 elements. This observation is in
accordance with the result in [14] that if n is even, APN permutations cannot
be of small Carlitz rank when compared with the field size.

2.2 The Gold function

Let G(z) = 22" *! be the Gold function on Fa., where n is odd and ged(k, n) = 1.
Our arguments used in Theorems 1, 2 and 3 can be employed for analysing the
modified Gold function G (z) also, which we do not include here. Note that

DoGoolz) = 22+ 4 (2 + a)2 T = ¥+ + a2 + za®", when 2 # 0,a. On
the other hand, DyGo.0(0) = 02 ! + a2+ and DuGo o () = a2 1 +a2"+1 4
aa?’ + aa?". Equations obtained through these derivatives can be solved by

tools used in the proof of Theorem 4 in [8] and results on p-Spec(Go,) and
p-Spec(Go,q) can be deduced.

3 Modified APN functions over extension fields

In this section we focus on the p-spectra of modifications of Gold and Kasami-
Welch functions over extension fields. As mentioned in Section 1, they are both
exceptional APN, while their modifications are not APN over extension fields
of sufficiently large degrees. It is interesting therefore to obtain bounds for their
p-spectra.
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3.1 One point modification

Given a function G : Fan — Fan. Consider the function G 3, obtained from G
by modifying it at a single point a € Fa», i.e., by putting G,3(a) = 3, while
Gap(x) = G(x), for any = # a.
Here we study a class G, of functions G satisfying the following conditions.
i) deg(G) < g — 2, where ¢ = 2,
i) G(a) £ A,
iii) Denoting by d; the coefficient of X* + Y in Go3(X + a + a) + G (X +
Oé) + Ga|B(Y + o+ (1) + Ga|5(Y + Oz), dl,dg satisfy d1 =0 and dg 75 0.
Obviously, G4 can be expressed as Gy g(x) = ((z+a)? 1 +1)(G(a) + ) +
G(x). It was observed in [4] that any G|z is not APN over extensions Fym, for
all sufficiently large m, see Theorem 2.3 in [4]. Therefore one would like to seek
information about p-Specqm(Gy)s). The following theorem provides an upper
bound for [p-Specqm (Gy|)

Theorem 4. Let G € G, 3. Then,

¢" — (g =5)(g—6)g™* = (% - 11)
q—4

[p-Specgm (Gojp)| < ¢ —

for any m > 4.

Proof. Since we look for the solutions (z,y) of Gy s(X + a) + Gup(x)(X) +
Gop(Y +a) + Gy p(Y) = 0 such that = # y and = # y + a, we consider

Galp(X +a) + Gajp(X) + Gajp(Y +a) + Gajs(Y)

H(X,Y) = X+ V)X 1Y +a)

(3)
Let H be the curve defined by H(X,Y). Consider the change of coordinates
that sends X and Y to X + a and Y + «, respectively. Then by Equation (3),
we have (X + Y)(X +Y +a)H(X,Y) = 30" d, (X + Y?), where H(X,Y) =
H(X+a,Y+a). Note that (0,0) belongs to the curve # defined by H. Moreover,
by our assumption on d; and ds, the multiplicity of (0,0) is 1, i.e., (0,0) is a
simple [F -rational point of 7. Hence, by [2, Lemma 2.1], we conclude that the
absolutely irreducible component X of H passing through (0,0) is defined over
F, and is of degree < ¢ — 4. Also, we observe that X is not the curve defined
by X +Y or X +Y + a since the multiplicity of (1:1:0) at infinity is 2. This
shows that the absolutely irreducible component X of H passing through («, «)
is defined over Fy, is of degree < q — 4, and is different from the ones defined by
X +Y and X + Y + a. Then, by the Hasse-Weil bound, the number N(X) of
F,m-rational points of X satisfies

N(X)>q¢"+1—-(q—5)(qg—6)g™2. (4)

Denote by N the number of affine Fym-rational points (z,y) of X such that
x # y and x # y + a. Note that X’ has at most (¢/2 — 2) F,m-rational points
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at infinity. Also, by Bezout’s theorem there are at most 2(¢ — 4) F,m-rational
points (z,y) of X satisfying © = y or x = y + a. Therefore, by Equation (4),
N > ¢™ — (¢ —5)(q — 6)¢™/? — (5¢/2 — 11). For ¢ € Fym, set t. = a5 (a,c).
Note that if tDyG o p(w0) > 2 then G5 is not xo-pAPN. In this case, SDaGam(mo)
contributes tDaGam(aco)(tDaGam(zo) — 2) affine Fym-rational points (z,y) of H
with z # y and = # y + a. Therefore,

m m 5q
> 0,6 tDuGa @) — 2) = @7 — (¢ = 5)(g — 6)g™ - (2 - 11> :

tDaGa“;(I) >2
(5)

Note that tp_ g < ¢ — 2 as the degree of Gy3(7) is ¢ — 1, i.e.,

a\[‘l(m)

@=4 D tpas@ = Y. tDuGus@ (DuGus@) —2)-  (6)

tDaG o p(2)>2 tDa Gy p(2)>2

Since the number of the elements x¢ for which G is not zo-pAPN is greater
than or equal to ZtDaGa|B(m)>2 tD.Goyp(x)» DY Equations (5) and (6), the num-

ber is greater than or equal to (¢ — (¢ — 5)(¢ — 6)¢™/? — (5¢/2 — 11))/(q — 4),
which gives the desired result. O

Remark 6. We can observe from Theorem II.3 in [18] that the number of
vanishing flats corresponding to G, given in Theorem 4 is at least
§ (@™ = (a-5)(g = 6)g™> - (3 —11)).

Theorem 4 yields the following result for Gold and Kasami-Welch functions.
Corollary 1. Let G(z) = 22 +! or G(z) = 22" ~2"+1 over Fan. Suppose that
n>2 k>1, Gla) # B and G(a) + S = G(a) for some a in F5,. Then for any
m > 4,

q" — (¢ —5)(q—6)g™* — (3 —11)
q—4 '

Ip-Specgm (Gop)| < ¢™ —

3.2 Interchanging values at two points

For a function G : Fan — Fgn, we now consider G, g, obtained from G by
modifying it at a # S ie., by putting Gog(a) = G(8), Gap(8) = G(a),
and G, p(x) = G(z), for any = # «, 3. Hence, G, 5(z) = ((z + )T ' + (z +
B H(G(a) + G(B)) + G(z). Again, we study a class G, s of functions G satis-
fying the following conditions.
i) deg(G) < q—5, ¢ =27,
it) G(a) # G(B),
iii) Denoting by d; the coefficient of X' +Y" in G, 3(X + a+ a) + Ga (X +
o) +Ga (Y +a+a)+ Gy p(Y +a) for anon-zero a # a+ 3, di and dp satisfy
d; =0 and dy # 0.

Gap(®) = ((z + a)?™! + 1)(G(a) + B) + G(z). Theorem 2.4 in [4] shows
that Gq, 5 is not APN over extensions Fgm, for all sufficiently large m. Therefore
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again, it is interesting to find an upper bound for |p-Specqm(Ga,g)|. The proof
of Theorem 5 below uses some tools, different from those used in the proof of
Theorem 4. However it is rather long so we need to exclude it.

Theorem 5. Let G € G, g. Then for any m > 4,

e U 8)qm/2 (94q 14)
- wm(G < — .
[p-Specqm (Gap)l < ¢ —5

Corollary 1. Let G(z) = 221 or G(z) = 22 =21 over F,, where q =
2. Suppose that n > 2, k > 1, a # S and G(a) # G(B). Set v = o +

B. If %(G(Q) + G(a + 7)) = G(a) for some nonzero a € Fy, then

|p-Specym (Gu,p)| satisfies the bound given in Theorem 5.
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