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Abstract. We count the number of non-isotopic semifields inside several
known families of semifields; in this extended abstract we will focus on
the Taniguchi semifields. The key ingredient of the proofs is a technique
to determine isotopy that was recently developed by the authors that
exploits the existence of certain large subgroups of the autotopism group
of a semifield.
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1 Introduction

A (finite) semifield S = (S,+, ◦) is a finite set S equipped with two operations
(+, ◦) satisfying the following axioms.

(S1) (S,+) is a group.
(S2) For all x, y, z ∈ S,

– x ◦ (y + z) = x ◦ y + x ◦ z,
– (x+ y) ◦ z = x ◦ z + y ◦ z.

(S3) For all x, y ∈ S, x ◦ y = 0 implies x = 0 or y = 0.
(S4) There exists ϵ ∈ S such that x ◦ ϵ = x = ϵ ◦ x.

An algebraic object satisfying the first three of the above axioms is called a
pre-semifield.

If P = (P,+, ◦) is a pre-semifield, then (P,+) is an elementary abelian p-
group [7, p. 185], and (P,+) can be viewed as an n-dimensional Fp-vector space
Fn
p . A pre-semifield P = (Fn

p ,+, ◦) can be converted to a semifield S = (Fn
p ,+, ∗)

using Kaplansky’s trick.
Two pre-semifields P1 = (Fn

p ,+, ◦1) and P2 = (Fn
p ,+, ◦2) are said to be

isotopic if there exist Fp-linear bijections L,M and N of Fn
p satisfying

N(x ◦1 y) = L(x) ◦2 M(y).

Such a triple γ = (N,L,M) is called an isotopism between P1 and P2. Iso-
topisms between a pre-semifield P and itself are called autotopisms. The pre-
semifield P and the corresponding semifield S constructed by Kaplansky’s trick
are always isotopic. Isotopy of pre-semifields is an equivalence relation.



Semifields have receive muched attention due to their connections to several
different areas. Firstly, every semifield coordinatizes a projective plane and dif-
ferent semifields coordinatize isomorphic planes if and only if they are isotopic
([1], see [7, Section 3] for a detailed treatment). Semifields are further equivalent
to Maximum Rank Distance codes with certain parameters (see e.g. [9]) and can
be used to construct relative difference sets (see [8]).

Deciding whether given (pre-)semifields are isotopic or not is generally a very
difficult question, and finding effective ways to prove non-isotopy of semifields
is considered a major open question (see e.g. [6, p. 936]). Most results on the
isotopy of semifields are based on isotopy invariants like the nuclei, however it
is well known that potentially many non-isotopic semifields can have the same
nuclei, and having more precise tools is desirable. In [5], the authors developed
a technique to settle the isotopy question for one specific family of semifields.
We apply the same technique to other families of semifields. In this extended
abstract, we will focus on the Taniguchi semifields introduced in [10].

2 The Setup

The Taniguchi pre-semifields are defined in [10] on Fpn ∼= Fpm×Fpm with n = 2m
via the pre-semifield multiplication

(x, y) ∗ (u, v) = ((xqu+ αxuq)q
2

− a(xqv − αuqy)q − b(yqv + αyvq), xv + yu),

where q = pk for some 1 ≤ k ≤ m − 1, −α is not a (q − 1)-st power, and the
projective polynomial Pq,a,b(x) = xq+1 + ax + b has no roots in Fpm . We will
instead use a different, isotopic respresentation of the Taniguchi pre-semifield
that arises after taking x, u to the q2-th power, where q = qm−k, and then
taking the second component to the q2-th power:

(x, y)◦(u, v) = (xqu+αq2xuq−a(xvq−αquyq)−b(yqv+αyvq), xvq
2

+yq
2

u). (1)

If a ̸= 0 we can always find an isotopic Taniguchi pre-semifield with the
parameter a = 1 by using the transformation y 7→ δy and v 7→ δv for a suitable
δ ∈ Fpm . We thus only have to distinguish the cases a = 0 and a = 1. We will
denote the Taniguchi pre-semifield on Fpn ∼= Fpm × Fpm by T (q, α, a, b), where
the value of m is fixed and taken from context.

We also exclude the case k = m/2 since in this case q2 ≡ 1 (mod pm − 1)
which is a special case that requires slightly different methods. Also observe that
these pre-semifields are already contained in a family of Bierbrauer [3,2], so we
believe that it makes sense to exclude them from our treatment here.

2.1 Group theoretic preliminaries

We now introduce the machinery of the technique to determine isotopy, which
was developed by the authors in [5]. We denote the set of all autotopisms of
a pre-semifield P by Aut(P). It is easy to check that Aut(P) is a group under



component-wise composition, i.e., (N1, L1,M1) ◦ (N2, L2,M2) = (N1 ◦ N2, L1 ◦
L2,M1◦M2). We will often view Aut(P) as a subgroup of GL(Fpn)3 ∼= GL(Fpm×
Fpm)3 ∼= GL(n,Fp)

3. Our approach is based on the following simple and well-
known result (see e.g. [5]).

Lemma 1. Let P1 = (Fn
p ,+, ∗1), P2 = (Fn

p ,+, ∗2) be isotopic pre-semifields via
the isotopism γ ∈ GL(F)3. Then γ−1 Aut(P2)γ = Aut(P1).

The key fact that we will use is that the autotopism groups of the Taniguchi
pre-semifields have an easily identifiable subgroup. We introduce some notations:

We write Fp-linear mappings L from Fpn to itself as 2×2 matrices of Fp-linear
mappings from Fpm to itself. That is,

L =

(
L1 L2

L3 L4

)
, for Li : Fpm → Fpm .

We call the constituent functions L1, . . . , L4 of L subfunctions of L. Set

γr = (Nr, Lr,Mr) ∈ GL(Fpn)3 with Na =

(
mrq+1 0

0 mrq2+1

)
, La = Ma =

(
mr 0
0 mr

)
,

where mr denotes multiplication with the finite field element r ∈ F×
pm . For

simplicity, we write these diagonal matrices also in the form diag(mr,mr), so

γr = (diag(mrq+1 ,mrq2+1),diag(mr,mr),diag(mr,mr)).

We fix some further notation that we will use from now on:

Notation 1
– Let p be a prime
– Set q = pk and q = pm−k.
– Define the cyclic group

Zq = {γr : r ∈ F×
pm} ≤ GL(Fpn)3

of order pm − 1.
– Let p′ be a p-primitive divisor of pm − 1. Such a prime p′ always exists

if m > 2 and (p,m) ̸= (2, 6) by Zsigmondy’s Theorem. We thus always
stipulate m > 2 and (p,m) ̸= (2, 6) from now on.

– Let R be the unique Sylow p′-subgroup of F×
pm .

– Define
Zq
R = {γr : r ∈ R},

which is the unique Sylow p′-subgroup of Zq with |R| elements.
– For a Taniguchi pre-semifield P = T (q, α, a, b), denote by

Cq,α,a,b = CAut(P)(Z
q
R),

the centralizer of Zq
R in Aut(P).



The crucial fact is that γr ∈ Aut(P) for all r ∈ F×
pm when P is a Taniguchi

pre-semifield T (q, α, a, b) for arbitrary α, a, b, which can be easily verified using
Eq. (1).

Lemma 2. Let T (q, α, a, b) be Taniguchi pre-semifield on Fpn with n = 2m and
define Zq = {γr : r ∈ F×

pm}. Then Zq ≤ Aut(T (q, α, a, b))

The key result that enables us to settle the question of isotopy for Taniguchi
semifields is a slight adaptation from [5, Theorem 5.10.]. The proof requires slight
modification compared to the one given in [5] which we omit in this abstract.

Theorem 2. Let T (q1 = pk1 , α1, a1, b1) = P1 = (Fpm × Fpm ,+, ◦1) and T (q2 =
pk2 , α1, a1, b1) = P2 = (Fpm × Fpm ,+, ◦2) be Taniguchi pre-semifields such that
k1 ̸= m/2. Assume that

Cq1,α1,a1,b1 contains Zq1 as an index I subgroup such that p′ does not divide I.
(C)

If P1,P2 are isotopic, then there exists an isotopism γ = (N,L,M) ∈ GL(Fpn)3,
with the following properties:

– All non-zero subfunctions of N,L,M are monomials.
– All non-zero subfunctions of L and M have the same degree pt.
– N2 = N3 = 0.
– We have k1 ≡ ±k2 (mod m).
– If k1 ≡ k2 (mod m) then N1 and N4 are monomials of degree pt.
– If k1 ≡ −k2 (mod m) then N1 and N4 are monomials of degree pt+k2 .

This theorem reduces the effort required to prove non-isotopy between Taniguchi
pre-semifields considerably, as long as Condition (C) is satisfied.

3 Settling the isotopy question for Taniguchi
pre-semifields

We apply Theorem 2. We first have to deal with Condition (C). This can be done
with fairly standard techniques following the ideas in [5]; we skip the proof.

Lemma 3. Let T (q = pk, α, a, b) = P = (Fpm × Fpm ,+, ◦) be a Taniguchi pre-
semifield with k ̸= m/2. Then

|Cq1,α1,a1,b1 | =

{
(pgcd(k,m) − 1)(pm − 1) if a ̸= 0

(pgcd(k,m) − 1)(pm − 1) · gcd(pm − 1, pk + 1) if a = 0.

In all cases, p′ ∤ |Cq1,α1,a1,b1 |/(pm − 1) and Condition (C) is satisfied.

We are now ready to determine when Taniguchi pre-semifields are isotopic.



Theorem 3. Let T (q1 = pk1 , α1, a1, b1) = P1 = (Fpm × Fpm ,+, ◦1) and T (q2 =
pk2 , α1, a1, b1) = P2 = (Fpm × Fpm ,+, ◦2) be Taniguchi pre-semifields such that
k1 ̸= m/2. If k2 ≡ −k1 (mod m) then, for fixed α′, a′, b′, there exist α, a, b such
that P1 and P2 are isotopic. If k1 ̸= k2 and k2 ≡ −k1 (mod m), the pre-semifields
P1 and P2 are not isotopic.

T (q, α, a, b) and T (q, α′, a′, b′) are isotopic if and only if one of the two fol-
lowing cases occur:

– a = a′ = 0, α/α′ is a (q − 1)-st power and b′p
t

/b is a (q + 1)-st power in
F∗
pm .

– a = a′ = 1, b = b′p
t

for some 0 ≤ t ≤ m− 1 and α/α′ is a (q − 1)-st power
in F∗

pm .

Proof. Assume P1 and P2 are isotopic. Then there is an isotopism (N,L,M)
between P1 and P2 with the properties stated in Theorem 2. In particular, P1

and P2 can only be isotopic if k1 ≡ ±k2 (mod m).
We first show an isotopy in the case k1 ≡ −k2 (mod m). We first perform a

change of variables x ↔ y, u ↔ v on P1 (which clearly preserves isotopy). The
result is

(x, y) ∗ (u, v) = (yqv + αq2yvq − a(yuq − αqxqv)− b(yqu+ αxuq), yuq2 + xq2v).

We take the second component to the power q, take x, y, u, v to the power q and
set γ = αq2 . The result is

(x, y) ∗ (u, v) =(yvq + γyqv − a(yqu− γqxvq)− b(xuq + γq2xqu), xq2

2 y1 + x1y
q2

2 )

=(γ((1/γ)yvq + yqv)− aγq((1/γq)yqu− xvq)− bγq2((1/γq2)xuq + xqu),

yq
2

u+ xvq
2

).

Now we can divide the first component by −bγq2 and it is clear that the result
is a Taniguchi presemifield with parameter q.

We can thus restrict ourselves to the case k1 = k2 =: k, i.e. q1 = q2 =: q. In
this case, by Theorem 2, N2 = N3 = 0, N1 = a1x

pt

, N4 = d1xp
t. Then

N((x, y)◦1(u, v)) = (a1(x
qu+αq2xuq−a(xvq−αqyqu)−b(yqv+αyvq))p

t

, d1(xv
q2+yq

2

u)p
t

).
(2)

Likewise, the subfunctions of L and M are monomials of degree pt, so

L((x, y))◦2M((u, v)) = (a2x
pt

+b2y
pt

, c2x
pt

+d2y
pt

)◦2(a3upt

+b3v
pt

, c3u
pt

+d3v
pt

).

We can infer just from comparing the degrees of the terms that the only
possible solutions necessarily satisfy b2 = b3 = c2 = c3 = 0 and a2, a3, d2, d3 ̸= 0.
For example, if b2 ̸= 0, then L((x1, x2)) ◦2 M((y1, y2)) would have terms of

the form b2c3(yu
q2)p

t

and b2d3(yv
q2)p

t

in the second component, which clearly
violates (2) since (c3, d3) ̸= (0, 0) by the bijectivity of M . The cases b3, c2, c3 ̸= 0
can be excluded in the same way.



Thus

L((x, y)) ◦2 M((u, v)) = (a2x
pt

, d2y
pt

) ◦2 (a3upt

, d3v
pt

)

=((a2x)
pt+q(a3u)

pt

+ α′q2(a2x)
pt

(a3u)
pt+q − a′((a2x)

pt

(d3v)
pt+q − α′q(a3u)

pt

(d2y)
pt+q)−

b′((d2y)
pt+q(d3v)

pt

+ α′(d2y)
pt

(d3v)
pt+q), (a2x)

pt

(d3v)
pt+q2 + (a3u)

pt

(d2y)
pt+q2).

A comparison with Eq. (2) yields for all possible terms (xqu)p
t

, (xuq)p
t

, (xvq)p
t

,

(yqu)p
t

, (yqv)p
t

, (yvq)p
t

in the first component and the two terms in the second
component the following 8 equations:

a1 = (aq2a3)
pt

(3)

a1α
q2 = α′q2(a2a

q
3)

pt

(4)

a1a = a′(a2d
q
3)

pt

(5)

a1aα
q = a′α′q(a3d

q
2)

pt

. (6)

a1b
pt

= b′(dq2d3)
pt

(7)

a1b
pt

α = b′α′(d2d
q
3)

pt

(8)

d1 = (a2d
q2

3 )p
t

(9)

d1 = (a3d
q2

2 )p
t

. (10)

The third equation on the left can only be satisfied if a = a′ = 0 or a = a′ = 1,
so we only need to consider these two cases.

Substituting Eq. (3) into Eq. (4) yields (aq2a3)
pt

(α/α′)q
2

= (a2a
q
3)

pt

which
leads to

aq−1
2 (α/α′)p

2k−t

= aq−1
3 . (11)

In particular, α/α′ must be a (q − 1)-st power. We set a3 = a2γ, where

γq−1 = (α/α′)p
2k−t

. Similarly, substituting Eq. (7) into Eq. (8) yields

dq−1
2 (α/α′)p

m−t

= dq−1
3 ,

and we set d3 = d2γ2 where γq−1
2 = (α/α′)p

m−t

. Comparing now Eq. (9) with

Eq. (10) gives a2d
q2

2 γq2

2 = a2d
q2

2 γ, that is γ = γq2

2 . A comparison between Eq. (3)
and Eq. (7) yields

(b′p
m−t

/b) = (a2/d2)
q+1γ/γ2 = (a2/d2)

q+1γq2−1
2

= (a2/d2)
q+1(α/α′)p

m−t·(q+1). (12)

Thus (b′p
m−t

/b) must also be a (q+ 1)-st power; in other words b and b′p
m−t

have to be in the same coset of the subgroup of (q + 1)-st powers in F∗
pm .

We now consider the case a = a′ = 0. Then Eq. (5) and Eq. (6) always hold
and the conditions we have gathered so far cover all equations. We can thus
find an isotopism between T (q, α, 0, b) and T (q, α′, 0, b′) if and only if α/α′ is a

(q − 1)-st power and (b′p
t

/b) is be a (q + 1)-st power for some t ∈ N.
Now consider the case a = a′ = 1. Of course, all previously derived con-

straints still apply, and Eq. (5) and Eq. (6) give two additional conditions. We
first rewrite Eq. (5) with Eq. (3). The result is a2d

q
3 = aq2a3 and, using Eq. (11),

we get

dq3 = aq3(α
′/α)p

2k−t

.



Similarly, rewriting Eq. (6) with Eq. (3) yields

aq2(α/α
′)p

k−t

= dq2.

We show that these two statements are equivalent under the previous conditions.
Indeed, we have

dq3 = aq3(α
′/α)p

2k−t

⇔ dq2γ
q
2 = aq2γ

q(α′/α)p
2k−t

⇔ dq2 = aq2γ
q3−q
2 (α′/α)p

2k−t

= aq2

(
(α/α′)p

m−t
)q(q+1)

(α′/α)p
2k−t

⇔ dq2 = aq2(α/α
′)p

k−t

.

Substituting this condition into Eq. (12) gives

(b′p
m−t

/b) = (α′/α)p
m−t·(q+1)(α/α′)p

m−t·(q+1) = 1.

We conclude that for fixed α, α′ with α/α′ a (q − 1)-st power, the presemifields

T (q, α, 1, b) and T (q, α′, 1, b′) are isotopic if and only if b = b′p
t

for some 0 ≤ t ≤
m− 1. ⊓⊔

To count the number of Taniguchi pre-semifields, we need a famous result by
Bluher [4] on projective polynomials.

Theorem 4 ([4, Theorem 5.6.]). Let q = pk and denote by N(p,m) the
number of polynomials P (x) = xq+1 + x + b with b ∈ Fpm such that P does
not have a root in Fpm . Set d = gcd(k,m) and l = m/d. Then

N(p,m) =


p(l+1)d−pd

2(pd+1)
if l is even,

p(l+1)d−1
2(pd+1)

if p, l are odd,
p(l+1)d+pd

2(pd+1)
if p is even and l is odd.

Theorem 5. Let NT (p,m, a) be the number of non-isotopic Taniguchi semi-
fields T (q = pk, α, a, b) on Fpm × Fpm with k ̸= m/2. Set d = gcd(k,m) and
l = m/d. Then

⌊(m−2)/2⌋·(pd−2) ·N(p,m)/m ≤ NT (p,m, 1) ≤ ⌊(m−2)/2⌋·(pd−2) ·N(p,m),

where N(p,m) is determined in Theorem 4. Further,

⌊(m− 2)/2⌋ · (pd − 2) · pd/m ≤ NT (p,m, 0) ≤ ⌊(m− 2)/2⌋ · (pd − 2) · pd

if l is even,
NT (p,m, 0) = ⌊(m− 2)/2⌋ · (pd − 2)

if p, l are odd and NT (p,m, 0) = 0 if p is even and l is odd. The total number of
non-isotopic Taniguchi semifields is

NT (p,m) = NT (p,m, 0) +NT (p,m, 1).



Proof. By Theorem 3 T (q1, α1, 1, b1) and T (q2, α2, 1, b2) are isotopic if and only
if q1 = q2 or q1q2 ≡ 1 (mod pm − 1), α1/α2 is a (q− 1)-st power and there is a t

such that bp
t

2 = b1. α1/α2 is a (q−1)-st power if and only if α1, α2 are in the same
coset of the cyclic subgroup with (pm−1)/ gcd(q−1, pm−1) = (pm−1)/(pd−1)
elements of F×

pm . There are thus pd−1 such cosets. But α1, α2 must not be (q−1)-
st powers themselves by the necessary conditions for Taniguchi pre-semifields,
so there are pd − 2 possible choices for α that yield non-isotopic presemifields.
The overall number of permissible b is (by Theorem 4) N(p,m), but since b2, b1

yield isotopic semifields if bp
t

2 = b1 for some t, there are between N(p,m)/m and
N(p,m) many non-isotopic choices for b. The number of non-isotopic choices for
q is ⌊(m− 2)/2⌋.

For a = 0, we have again ⌊(m− 2)/2⌋ choices for q and pd − 2 choices for α.

b1, b2 yield isotopic pre-semifields if and only if bp
t

2 /b1 is a (q + 1)-st power for

some t. Here, similar to before, this means bp
t

2 and b1 are in the same coset of
the cyclic subgroup with (pm − 1)/ gcd(q+1, pm − 1) elements of F×

pm . We have

gcd(q + 1, pm − 1) = pd + 1 if l is even and gcd(q + 1, pm − 1) = 2 is l, p are
odd and gcd(q + 1, pm − 1) = 1 if p = 2 and l is odd. So the number of cosets is
pd + 1, 2 or 1 depending on p, l. Since b1, b2 themselves must not be (q + 1)-st
powers (by the conditions on the Taniguchi pre-semifield) we thus have pd, 1

or 0 valid cosets. The choice of t yields that bp
t

2 can be in at most m different
cosets, proving the result. ⊓⊔

Remark 1. – The precise values for NT (p,m, a) in Theorem 5 depend on the
divisors of m and pd−1. Since a factor 1/m does not change the asymptotics
of the result, we elected to not go into more detail.

– A similar technique can be used to determine the number of non-isotopic
semifields found in [2,3] or some Knuth semifields; however the steps become
more complicated and do not fit this extended abstract.
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